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Understanding and Coding
Self-Attention, Multi-Head

Attention, Cross-Attention, and
Causal-Attention in LLMs

This article will teach you about self-attention mechanisms used in transformer
architectures and large language models (LLMs) such as GPT-4 and Llama. Self-
attention and related mechanisms are core components of LLMs, making them a
useful topic to understand when working with these models.

However, rather than just discussing the self-attention mechanism, we will code
it in Python and PyTorch from the ground up. In my opinion, coding algorithms,
models, and techniques from scratch is an excellent way to learn!

As a side note, this article is a modernized and extended version of
“Understanding and Coding the Self-Attention Mechanism of Large Language
Models From Scratch,” which I published on my old blog almost exactly a year
ago. Since I really enjoy writing (and reading) ‘from scratch’ articles, I wanted
to modernize this article for Ahead of Al
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Additionally, this article motivated me to write the book Build a Large Language
Model (from Scratch), which is currently in progress. Below is a mental model
that summarizes the book and illustrates how the self-attention mechanism fits
into the bigger picture. An overview of the topics covered in the Build a Large
Language Model (from Scratch) book

To keep the length of this article somewhat reasonable, I’ll assume you already
know about LL.Ms and you also know about attention mechanisms on a basic
level. The goal and focus of this article is to understand how attention
mechanisms work via a Python & PyTorch code walkthrough. ## Introducing
Self-Attention Since its introduction via the original transformer paper
(Attention Is All You Need), self-attention has become a cornerstone of many
state-of-the-art deep learning models, particularly in the field of Natural
Language Processing (NLP). Since self-attention is now everywhere, it’s
important to understand how it works.
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The concept of “attention” in deep learning has its roots in the effort to improve
Recurrent Neural Networks (RNNs) for handling longer sequences or sentences.
For instance, consider translating a sentence from one language to another.

Translating a sentence word-by-word is usually not an option because it ignores



the complex grammatical structures and idiomatic expressions unique to each

language, leading to inaccurate or nonsensical translations.

Can you me help this sentence to translate

I ———

Kannst du mir helfen diesen Satz  zu uebersetzen ?

Can you help me to translate this sentence

| X

Kannst du mir helfen diesen Satz  zu uebersetzen ?

To overcome this issue, attention mechanisms were introduced to give access to
all sequence elements at each time step. The key is to be selective and determine
which words are most important in a specific context. In 2017, the transformer
architecture introduced a standalone self-attention mechanism, eliminating the
need for RNNs altogether.



(For brevity, and to keep the article focused on the technical self-attention
details, I am keeping this background motivation section brief so that we can
focus on the code implementation.)
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Attention Is All You Need

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N.
Gomez, Lukasz Kaiser, Illia Polosukhin

The dominant sequence transduction models are based on complex recurrent or
convolutional neural networks in an encoder-decoder configuration. The best performing
models also connect the encoder and decoder through an attention mechanism. We
propose a new simple network architecture, the Transformer, based solely on attention
mechanisms, dispensing with recurrence and convolutions entirely. Experiments on two
machine translation tasks show these models to be superior in quality while being more
parallelizable and requiring significantly less time to train. Our model achieves 28.4 BLEU
on the WMT 2014 English-to-German translation task, improving over the existing best
results, including ensembles by over 2 BLEU. On the WMT 2014 English-to-French
translation task, our model i a new singl del state-of-the-art BLEU score of
41.8 after training for 3.5 days on eight GPUs, a small fraction of the training costs of the
best models from the literature. We show that the Transformer generalizes well to other
tasks by applying it successfully to English constituency parsing both with large and
limited training data.
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Figure 3: An example of the attention mechanism following long-distance dependencies in the
encoder self-attention in layer 5 of 6. Many of the attention heads attend to a distant dependency of
the verb ‘making’, completing the phrase ‘making...more difficult’. Attentions here shown only for
the word ‘making’. Different colors represent different heads. Best viewed in color.

We can think of self-attention as a mechanism that enhances the information
content of an input embedding by including information about the input’s
context. In other words, the self-attention mechanism enables the model to
weigh the importance of different elements in an input sequence and
dynamically adjust their influence on the output. This is especially important for
language processing tasks, where the meaning of a word can change based on its
context within a sentence or document.

Note that there are many variants of self-attention. A particular focus has been
on making self-attention more efficient. However, most papers still implement
the original scaled-dot product attention mechanism introduced in the Attention
Is All You Need paper since self-attention is rarely a computational bottleneck
for most companies training large-scale transformers.

So, in this article, we focus on the original scaled-dot product attention
mechanism (referred to as self-attention), which remains the most popular and
most widely used attention mechanism in practice. However, if you are
interested in other types of attention mechanisms, check out the 2020 Efficient



Transformers: A Survey, the 2023 A Survey on Efficient Training of
Transformers review, and the recent FlashAttention and FlashAttention-v2
papers.

Embedding an Input Sentence

Before we begin, let’s consider an input sentence “Life is short, eat dessert first”
that we want to put through the self-attention mechanism. Similar to other types
of modeling approaches for processing text (e.g., using recurrent neural
networks or convolutional neural networks), we create a sentence embedding
first.

For simplicity, here our dictionary dc is restricted to the words that occur in the
input sentence. In a real-world application, we would consider all words in the
training dataset (typical vocabulary sizes range between 30k to 50k entries).

In:
sentence = 'Life is short, eat dessert first'
dc = {s:1i for 1i,s
in enumerate(sorted(sentence.replace(', ',
'").split()))}
Out:

{'Life': 0, 'dessert': 1, 'eat': 2, 'first': 3, 'is':
4, 'short': 5}

Next, we use this dictionary to assign an integer index to each word:

In:
import torch

sentence_int = torch.tensor(
[dc[s] for s in sentence.replace(',', '').split()]

)
print(sentence_int)

Out:

tensor ([0, 4, 5, 2, 1, 3])



Now, using the integer-vector representation of the input sentence, we can use an
embedding layer to encode the inputs into a real-vector embedding. Here, we
will use a tiny 3-dimensional embedding such that each input word is
represented by a 3-dimensional vector.

Note that embedding sizes typically range from hundreds to thousands of
dimensions. For instance, Llama 2 utilizes embedding sizes of 4,096. The reason
we use 3-dimensional embeddings here is purely for illustration purposes. This
allows us to examine the individual vectors without filling the entire page with
numbers.

Since the sentence consists of 6 words, this will result in a 6x3-dimensional
embedding: print(dc)

In:
vocab_size = 50_000
torch.manual_seed(123)
embed = torch.nn.Embedding(vocab_size, 3)

embedded_sentence = embed(sentence_int).detach()

print(embedded_sentence)
print(embedded_sentence.shape)

Out:

{'Life': 0, 'dessert': 1, 'eat': 2, 'first': 3, 'is':
4, 'short': 5}

Next, we use this dictionary to assign an integer index to each word:

In:
import torch

sentence_int = torch.tensor(
[dc[s] for s in sentence.replace(',', '').split()]

)

print(sentence_int)

Out:

tensor ([0, 4, 5, 2, 1, 3])



Now, using the integer-vector representation of the input sentence, we can use an
embedding layer to encode the inputs into a real-vector embedding. Here, we
will use a tiny 3-dimensional embedding such that each input word is
represented by a 3-dimensional vector.

Note that embedding sizes typically range from hundreds to thousands of
dimensions. For instance, Llama 2 utilizes embedding sizes of 4,096. The reason
we use 3-dimensional embeddings here is purely for illustration purposes. This
allows us to examine the individual vectors without filling the entire page with
numbers.

Since the sentence consists of 6 words, this will result in a 6x3-dimensional
embedding:

In:
vocab_size = 50_000

torch.manual_seed(123)
embed = torch.nn.Embedding(vocab_size, 3)
embedded_sentence = embed(sentence_int).detach()

print(embedded_sentence)
print(embedded_sentence.shape)

Out:

tensor ([ 3374, -0.1778, -0.3035],
1794, 1.8951, 0.4954],
2692, -0.0770, -1.0205],
2196, -0.3792, 0.7671],
5880, 0.3486, 0.6603],
1925, 0.6984, -1.4097]])
torch.Size([6, 3])
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Defining the Weight Matrices

Now, let’s discuss the widely utilized self-attention mechanism known as the
scaled dot-product attention, which is an integral part of the transformer
architecture.

Self-attention utilizes three weight matrices, referred to as Wq, Wk, and Wy,
which are adjusted as model parameters during training. These matrices serve to
project the inputs into query, key, and value components of the sequence,
respectively.



The respective query, key and value sequences are obtained via matrix
multiplication between the weight matrices W and the embedded inputs x:

Query sequence: (i) = x(i)wg for i in sequence 1 .. T
Key sequence: k(i) = x(i)Wk for i in sequence 1 .. T

Value sequence: v(i) = x(i)Wv for i in sequence 1 .. T



The index i refers to the token index position in the input sequence, which has
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Here, both q(i) and k(i) are vectors of dimension dk. The projection matrices Wq
and Wk have a shape of d x dk , while Wv has the shape d X dv .

(It’s important to note that d represents the size of each word vector, x.)



Since we are computing the dot-product between the query and key vectors,
these two vectors have to contain the same number of elements (dq = dk). In
many LLMs, we use the same size for the value vectors such that dq = dk = dv.
However, the number of elements in the value vector v(i), which determines the
size of the resulting context vector, can be arbitrary.

So, for the following code walkthrough, we will set dq = dk = 2 and use dv = 4,
initializing the projection matrices as follows:

In:
torch.manual_seed(123)
d = embedded_sentence.shape[1]
d_q, d_k, d_v =2, 2, 4

W_qguery = torch.nn.Parameter(torch.rand(d, d_q))
W_key = torch.nn.Parameter(torch.rand(d, d_k))
W_value = torch.nn.Parameter(torch.rand(d, d_v))

(Similar to the word embedding vectors earlier, the dimensions dq, dk, dv are
usually much larger, but we use small numbers here for illustration purposes.) ##
Computing the Unnormalized Attention Weights

Now, let’s suppose we are interested in computing the attention vector for the
second input element — the second input element acts as the query here:
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In code, this looks like as follows:

In:



X_2 = embedded_sentence[1]
query_2 = x_2 @ W_query
key 2 = x_ 2 @ W_key
value_2 X_2 @ W_value

print(query_2.shape)
print(key_2.shape)
print(value_2.shape)

Out:

torch.Size([2])
torch.Size([2])
torch.Size([4])

We can then generalize this to compute the remaining key, and value elements
for all inputs as well, since we will need them in the next step when we compute
the unnormalized attention weights later:

In:

keys = embedded_sentence @ W_key
values = embedded_sentence @ W_value

print("keys.shape:", keys.shape)
print("values.shape:", values.shape)

Out:

keys.shape: torch.Size([6, 2])
values.shape: torch.Size([6, 4])



Now that we have all the required keys and values, we can proceed to the next
step and compute the unnormalized attention weights o (omega), which are
illustrated in the figure below:
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As illustrated in the figure above, we compute wi,j as the dot product between
the query and key sequences, wi,j = q(i) k(j).

For example, we can compute the unnormalized attention weight for the query
and 5th input element (corresponding to index position 4) as follows:

In:

omega_24 = query_2.dot(keys[4])
print(omega_24)

Out:

tensor(1.2903)

Since we will need those unnormalized attention weights o to compute the
actual attention weights later, let’s compute the w values for all input tokens as
illustrated in the previous figure:

In:

omega_2 = query_2 @ keys.T
print(omega_2)

Out:



tensor([-0.6004, 3.4707, -1.5023, 0.4991, 1.2903,
-1.3374])

Computing the Attention Weights

The subsequent step in self-attention is to normalize the unnormalized attention
weights, o, to obtain the normalized attention weights, o (alpha), by applying the
softmax function. Additionally, 1/V{dk} is used to scale w before normalizing it
through the softmax function, as shown below:
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The scaling by dk ensures that the Euclidean length of the weight vectors will be
approximately in the same magnitude. This helps prevent the attention weights
from becoming too small or too large, which could lead to numerical instability
or affect the model’s ability to converge during training.

In code, we can implement the computation of the attention weights as follows:

In:
import torch.nn.functional as F
attention_weights_2 = F.softmax(omega_2 / d_k**0.5,
dim=0)
print(attention_weights_2)

Out:

tensor([0.0386, 0.6870, 0.0204, 0.0840, 0.1470,
0.0229])



Finally, the last step is to compute the context vector z(2), which is an attention-
weighted version of our original query input x(2), including all the other input
elements as its context via the attention weights:
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In code, this looks like as follows:im

In:

context_vector_2 = attention_weights_2 @ values

print(context_vector_2.shape)
print(context_vector_2)

Out:

torch.Size([4])
tensor([0.5313, 1.3607, 0.7891, 1.3110])

Note that this output vector has more dimensions (dv = 4) than the original input
vector (d = 3) since we specified dv > d earlier; however, the embedding size
choice dv is arbitrary.

Self-Attention

Now, to wrap up the code implementation of the self-attention mechanism in the
previous sections above, we can summarize the previous code in a compact
SelfAttention class:

In:



import torch.nn as nn
class SelfAttention(nn.Module):

def __init_ (self, d_in, d_out_kq, d_out_v):
super().__init_ ()
self.d_out_kq = d_out_kq
self.W_query = nn.Parameter(torch.rand(d_in,
d_out_kq))

self.W_key = nn.Parameter(torch.rand(d_in,
d_out_kq))
self.W_value = nn.Parameter(torch.rand(d_in,

d_out_v))

def forward(self, x):
keys = x @ self.W_key
gueries = x @ self.W_query
values = x @ self.W_value

attn_scores = queries @ keys.T # unnormalized
attention weights
attn_weights = torch.softmax(
attn_scores / self.d_out_kqgq**0.5, dim=-1

context_vec = attn_weights @ values
return context_vec

Following PyTorch conventions, the SelfAttention class above initializes the
self-attention parameters in the init method and computes attention weights and
context vectors for all inputs via the forward method. We can use this class as
follows:

In:
torch.manual_seed(123)

# reduce d_out_v from 4 to 1, because we have 4 heads
d_in, d_out_kq, d_out_v = 3, 2, 4

sa = SelfAttention(d_in, d_out_kq, d_out_v)
print(sa(embedded_sentence))

Out:



tensor([[-0.1564, 0.1028, -0.0763, -0.0764],
.5313, 1.3607, 0.7891, 1.3110],
.3542, -0.1234, -0.2627, -0.3706],
.0071, 0.3345, 0.0969, 0.1998],
.1008, 0.4780, 0.2021, 0.3674],
[-0.5296, -0.2799, -0.4107, -0.6006]],

grad_fn=<MmBackward0o>)
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If you look at the second row, you can see that it matches the values in
context_vector_2 from the previous section exactly: tensor([0.5313, 1.3607,
0.7891, 1.3110]).

Multi-Head Attention

In the very first figure, at the top of this article (also shown again for
convenience below), we saw that transformers use a module called multi-head

attention.
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How does this “multi-head” attention module relate to the self-attention
mechanism (scaled-dot product attention) we walked through above?

In scaled dot-product attention, the input sequence was transformed using three
matrices representing the query, key, and value. These three matrices can be
considered as a single attention head in the context of multi-head attention. The



figure below summarizes this single attention head we covered and implemented

previously:
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As its name implies, multi-head attention involves multiple such heads, each
consisting of query, key, and value matrices. This concept is similar to the use of
multiple kernels in convolutional neural networks, producing feature maps with
multiple output channels.
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To illustrate this in code, we can write a MultiHeadAttentionWrapper class for
our previous SelfAttention class:

class MultiHeadAttentionWrapper (nn.Module):

def _ _init_ (self, d_in, d_out_kq, d_out_v,
num_heads):
super().__init__ ()
self.heads = nn.ModulelList(



[SelfAttention(d_in, d_out_kq, d_out_v)
for _ in range(num_heads)]

def forward(self, x):
return torch.cat([head(x) for head in
self.heads], dim=-1)

The d_* parameters are the same as before in the SelfAttention class — the only
new input parameter here is the number of attention heads:

d_in: Dimension of the input feature vector.
d_out_kq: Dimension for both query and key outputs.
d_out_v: Dimension for value outputs.

num_heads: Number of attention heads.

We initialize the SelfAttention class num_heads times using these input
parameters. And we use a PyTorch nn.ModuleList to store these multiple
SelfAttention instances.

Then, the forward pass involves applying each SelfAttention head (stored in
self.heads) to the input x independently. The results from each head are then
concatenated along the last dimension (dim=-1). Let’s see it in action below!

First, let’s suppose we have a single Self-Attention head with output dimension
1 to keep it simple for illustration purposes:

In:
torch.manual_seed(123)
d_in, d_out_kq, d_out_.v =3, 2, 1

sa = SelfAttention(d_in, d_out_kq, d_out_v)
print(sa(embedded_sentence))

Out:

tensor([[-0.0185],
[ 0.4003],
[-0.1103],
[ 0.0668],



[ 6.1180],
[-0.1827]], grad_fn=<MmBackward0>)

Now, let’s extend this to 4 attention heads:

In:
torch.manual_seed(123)

block _size = embedded_sentence.shape[1]
mha = MultiHeadAttentionWrapper (
d_in, d_out_kq, d_out_v, num_heads=4

context_vecs = mha(embedded_sentence)

print(context_vecs)
print("context_vecs.shape:", context_vecs.shape)

Out:

.1999, -0.0860],
.3981, 1.0497],
.0079, -0.2416],
.2322, 0.1008],
.3157, 0.2807],
.2393, -0.3167]],

tensor ([ .0185, 0.0170,
.4003, 1.7137,
.1103, -0.1609,
.0668, 0.3534,
.1180, 0.6949,
[-0.1827, -0.2060, -
grad_fn=<CatBackward0>)

context_vecs.shape: torch.Size([6, 4])
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Based on the output above, you can see that the single self-attention head created
earlier now represents the first column in the output tensor above.

Notice that the multi-head attention result is a 6x4-dimensional tensor: We have
6 input tokens and 4 self-attention heads, where each self-attention head returns
a 1-dimensional output. Previously, in the Self-Attention section, we also
produced a 6x4-dimensional tensor. That’s because we set the output dimension
to 4 instead of 1. In practice, why do we even need multiple attention heads if
we can regulate the output embedding size in the SelfAttention class itself?

The distinction between increasing the output dimension of a single self-
attention head and using multiple attention heads lies in how the model
processes and learns from the data. While both approaches increase the capacity
of the model to represent different features or aspects of the data, they do so in
fundamentally different ways.



For instance, each attention head in multi-head attention can potentially learn to
focus on different parts of the input sequence, capturing various aspects or
relationships within the data. This diversity in representation is key to the
success of multi-head attention.

Multi-head attention can also be more efficient, especially in terms of parallel
computation. Each head can be processed independently, making it well-suited
for modern hardware accelerators like GPUs or TPUs that excel at parallel
processing.

In short, the use of multiple attention heads is not just about increasing the
model’s capacity but about enhancing its ability to learn a diverse set of features
and relationships within the data. For example, the 7B Llama 2 model uses 32
attention heads.

Cross-Attention

In the code walkthrough above, we set d_q = d_k = 2 and d_v = 4. In other
words, we used the same dimensions for query and key sequences. While the
value matrix W_yv is often chosen to have the same dimension as the query and
key matrices (such as in PyTorch’s MultiHeadAttention class), we can select an
arbitrary number size for the value dimensions.

Since the dimensions are sometimes a bit tricky to keep track of, let’s summarize
everything we have covered so far in the figure below, which depicts the various
tensor sizes for a single attention head.
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Now, the illustration above corresponds to the self-attention mechanism used in
transformers. One particular flavor of this attention mechanism we have yet to
discuss is cross-attention.
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Source: “Attention Is All You Need” (https://arxiv.org/abs/1706.03762)

What is cross-attention, and how does it differ from self-attention?

In self-attention, we work with the same input sequence. In cross-attention, we
mix or combine two different input sequences. In the case of the original
transformer architecture above, that’s the sequence returned by the encoder
module on the left and the input sequence being processed by the decoder part
on the right.

Note that in cross-attention, the two input sequences x_1 and x_2 can have
different numbers of elements. However, their embedding dimensions must
match.

The figure below illustrates the concept of cross-attention. If we set x_1 =x_2,
this is equivalent to self-attention.
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(Note that the queries usually come from the decoder, and the keys and values
typically come from the encoder.)

How does that work in code? We will adopt and modify the SelfAttention class
that we previously implemented in the Self-Attention section and only make
some minor modifications:

In:
class CrossAttention(nn.Module):

def __init_ (self, d_in, d_out_kq, d_out_v):

super().__init_ ()

self.d_out_kqg = d_out_kq

self.W_query = nn.Parameter(torch.rand(d_in,
d_out_kq))

self.W_key
d_out_kq))

self.W_value = nn.Parameter(torch.rand(d_in,
d_out_v))

nn.Parameter (torch.rand(d_in,

def forward(self, x_1, x_2): # X_2 1s new
gueries_1 = x_1 @ self.wW_query

keys 2 = x_ 2 @ self.W_key # new
values_2 = x 2 @ self.wW_value # new

attn_scores = queries_1 @ keys_2.T # new
attn_weights = torch.softmax(
attn_scores / self.d_out_kqgq**0.5, dim=-1)



context_vec = attn_weights @ values_2
return context_vec

The differences between the CrossAttention class and the previous SelfAttention
class are as follows:

The forward method takes two distinct inputs, x_1 and
X_2. The queries are derived from x_1, while the keys
and values are derived from x_2. This means that the
attention mechanism is evaluating the interaction
between two different inputs.

The attention scores are calculated by taking the dot
product of the queries (from x_1) and keys (from x_2).

Similar to SelfAttention, each context vector is a
weighted sum of the values. However, in CrossAttention,
these values are derived from the second input (x_2),

and the weights are based on the interaction between
x_1 and x_2.

Let’s see it in action:

In:
torch.manual_seed(123)
d_in, d_out_kq, d_out_v = 3, 2, 4
crossattn = CrossAttention(d_in, d_out_kq, d_out_v)

first_input = embedded_sentence
second_input = torch.rand(8, d_in)

print("First input shape:", first_input.shape)
print("Second input shape:", second_input.shape)

Out:

First input shape: torch.Size([6, 3])
Second input shape: torch.Size([8, 3])

Notice that the first and second inputs don’t have to have the same number of
tokens (here: rows) when computing cross-attention:



In:

context_vectors = crossattn(first_input, second_input)

print(context_vectors)
print("Output shape:", context_vectors.shape)

Out:
tensor([[0.4231, 0.8665, 0.6503, 1.0042],
[0.4874, 0.9718, 0.7359, 1.1353],
[0.4054, 0.8359, 0.6258, 0.9667],
[0.4357, 0.8886, 0.6678, 1.0311],
[0.4429, 0.9006, 0.6775, 1.0460],
[0.3860, 0.8021, 0.5985, 0.9250]],

grad_fn=<MmBackward0o>)
Output shape: torch.Size([6, 4])

We talked a lot about language transformers above. In the original transformer
architecture, cross-attention is useful when we go from an input sentence to an
output sentence in the context of language translation. The input sentence
represents one input sequence, and the translation represent the second input
sequence (the two sentences can different numbers of words).

Another popular model where cross-attention is used is Stable Diffusion. Stable
Diffusion uses cross-attention between the generated image in the U-Net model
and the text prompts used for conditioning as described in High-Resolution
Image Synthesis with Latent Diffusion Models — the original paper that
describes the Stable Diffusion model that was later adopted by Stability Al to
implement the popular Stable Diffusion model.

( \( Latent Space ) (Conditioning
Diffusion Process | emanti
Ma
2 Denoising U-Net €y T
ﬂ
denoising step crossattention ~ switch  skip connection concat | g

Pixel Space
Source: “High-Resolution Image Synthesis with Latent Diffusion Models” (https://arxiv.org/abs/2112.10752)




Causal Self-Attention

In this section, we are adapting the previously discussed self-attention
mechanism into a causal self-attention mechanism, specifically for GPT-like
(decoder-style) LLMs that are used to generate text. This causal self-attention
mechanism is also often referred to as “masked self-attention”. In the original
transformer architecture, it corresponds to the “masked multi-head attention”
module — for simplicity, we will look at a single attention head in this section,
but the same concept generalizes to multiple heads.
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Causal self-attention ensures that the outputs for a certain position in a sequence
is based only on the known outputs at previous positions and not on future
positions. In simpler terms, it ensures that the prediction for each next word
should only depend on the preceding words. To achieve this in GPT-like LLMs,

for each token processed, we mask out the future tokens, which come after the
current token in the input text.



The application of a causal mask to the attention weights for hiding future input
tokens in the inputs is illustrated in the figure below.

Attention weight between the tokens In the row for corresponding to “Life”,
corresponding to “Life” and “short” mask out all words that come after “Life”
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Attention weights calculated in the
previous “Self-Attention” section

To illustrate and implement causal self-attention, let’s work with the unweighted
attention scores and attention weights from the previous section. First, we
quickly recap the computation of the attention scores from the previous Self-
Attention section:

In:
torch.manual_seed(123)

d_in, d_out_kq, d_out_v = 3, 2, 4

W_query = nn.Parameter(torch.rand(d_in, d_out_kq))
W_key nn.Parameter(torch.rand(d_in, d_out_Kkq))
W_value nn.Parameter(torch.rand(d_in, d_out_v))

X = embedded_sentence

keys = x @ W_key
gueries = x @ W_query
values = x @ W_value

# attn_scores are the "omegas",
# the unnormalized attention weights
attn_scores = queries @ keys.T

print(attn_scores)
print(attn_scores.shape)



Out:

tensor([[ 0.0613, -0.3491, 0.1443, -0.0437, -0.1303,

0.1076],

[-0.6004, 3.4707, -1.5023, 0.4991, 1.2903,
-1.3374],

[ 0.2432, -1.3934, 0.5869, -0.1851, -0.5191,
0.4730],

[-0.0794, 0.4487, -0.1807, 0.0518, 0.1677,
-0.1197],

[-0.1510, 0.8626, -0.3597, 0.1112, 0.3216,
-0.2787],

[ ©.4344, -2.5037, 1.0740, -0.3509, -0.9315,
0.9265]],
grad_fn=<MmBackward0>)
torch.Size([6, 6])

Similar to the Self-Attention section before, the output above is a 6x6 tensor
containing these pairwise unnormalized attention weights (also called attention
scores) for the 6 input tokens.

Previously, we then computed the scaled dot-product attention via the softmax
function as follows:

In:

attn_weights = torch.softmax(attn_scores /
d_out_kg**0.5, dim=1)
print(attn_weights)

Out:

tensor ([[0.1772, 0.1326, 0.1879, 0.1645, 0.1547,
0.1831],

[0.0386, 0.6870, 0.0204, 0.0840, 0.1470,
0.0229],

[0.1965, 0.0618, 0.2506, 0.1452, 0.1146,
0.2312],

[0.1505, 0.2187, 0.1401, 0.1651, 0.1793,
0.1463],

[0.1347, 0.2758, 0.1162, 0.1621, 0.1881,
0.1231],

[6.1973, 0.0247, 0.3102, 0.1132, 0.0751,
0.2794]11,

grad_fn=<SoftmaxBackward0>)



The 6x6 output above represents the attention weights, which we also computed
in the Self-Attention section before.

Now, in GPT-like LLMs, we train the model to read and generate one token (or
word) at a time, from left to right. If we have a training text sample like “Life is
short eat desert first” we have the following setup, where the context vectors for
the word to the right side of the arrow should only incorporate itself and the
previous words:

"Life" - "is"

"Life is" - "short"

"Life is short" - "eat"

"Life is short eat" - "desert"

"Life 1s short eat desert" - "first"

The simplest way to achieve this setup above is to mask out all future tokens by
applying a mask to the attention weight matrix above the diagonal, as illustrated
in the figure below. This way, “future” words will not be included when creating
the context vectors, which are created as a attention-weighted sum over the
inputs.
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In code, we can achieve this via PyTorch’s tril function, which we first use to
create a mask of 1’s and 0’s:

In:



block_size = attn_scores.shape[0]

mask_simple = torch.tril(torch.ones(block_size,
block_size))

print(mask_simple)

Out:
tensor([[1., 6., ©0., 0., 0., 0.],
[1., 1., 0., 0., 0., 0.],
[1., 1., 1., 0., 0., 0.],
[1., 1., 1., 1., 0., 0.],
[1., 1., 1., 1., 1., 0.],
[1., 1., 1., 1., 1., 1.1])

Next, we multiply the attention weights with this mask to zero out all the
attention weights above the diagonal:

In:

masked_simple = attn_weights*mask_simple
print(masked_simple)

Out:

tensor([[0.1772, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000],

[0.0386, 0.6870, 0.0000, 0.0000, 0.0000,
0.0000],

[60.1965, 0.0618, 0.2506, 0.0000, 0.0000,
0.0000],

[6.1505, 0.2187, 0.1401, 0.1651, 0.0000,
0.0000],

[0.1347, 0.2758, 0.1162, 0.1621, 0.1881,
0.0000],

[0.1973, 0.0247, 0.3102, 0.1132, 0.0751,
0.2794]1],

grad_fn=<MulBackward0>)

While the above is one way to mask out future words, notice that the attention
weights in each row don’t sum to one anymore. To mitigate that, we can
normalize the rows such that they sum up to 1 again, which is a standard
convention for attention weights:

In:



row_sums = masked_simple.sum(dim=1, keepdim=True)
masked_simple_norm = masked_simple / row_sums
print(masked_simple_norm)

Out:

tensor([[1.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000],

[0.0532, 0.9468, 0.0000, 0.0000, 0.0000,
0.0000],

[0.3862, 0.1214, 0.4924, 0.0000, 0.0000,
0.0000],

[0.2232, 0.3242, 0.2078, 0.2449, 0.0000,
0.0000],

[0.1536, 0.3145, 0.1325, 0.1849, 0.2145,
0.0000],

[0.1973, 0.0247, 0.3102, 0.1132, 0.0751,
0.2794]1],

grad_fn=<DivBackward0>)

As we can see, the attention weights in each row now sum up to 1.

Normalizing attention weights in neural networks, such as in transformer
models, is advantageous over unnormalized weights for two main reasons. First,
normalized attention weights that sum to 1 resemble a probability distribution.
This makes it easier to interpret the model’s attention to various parts of the
input in terms of proportions. Second, by constraining the attention weights to
sum to 1, this normalization helps control the scale of the weights and gradients
to improve the training dynamics.

More efficient masking without renormalization

In the causal self-attention procedure we coded above, we first compute the
attention scores, then compute the attention weights, mask out attention weights
above the diagonal, and lastly renormalize the attention weights. This is
summarized in the figure below:
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Alternatively, there is a more efficient way to achieve the same results. In this
approach, we take the attention scores and replace the values above the diagonal
with negative infinity before the values are input into the softmax function to
compute the attention weights. This is summarized in the figure below:

Mask with - o0
ahove diagonal Softmax

/N /N

{Masked attention scores

(unnomalized) (unnomalized) (normalizec)

-~/

[Attention weights]

We can code up this procedure in PyTorch as follows, starting with masking the
attention scores above the diagonal:

In:

mask = torch.triu(torch.ones(block_size, block_size),
diagonal=1)

masked = attn_scores.masked_fill(mask.bool(),
-torch.inf)

print(masked)



The code above first creates a mask with Os below the diagonal, and 1s above
the diagonal. Here, torch.triu (upper triangle) retains the elements on and above
the main diagonal of a matrix, zeroing out the elements below it, thus preserving
the upper triangular portion. In contrast, torch.tril (lower triangle) keeps the
elements on and below the main diagonal.

The masked_fill method then replaces all the elements above the diagonal via
positive mask values (1s) with -torch.inf, with the results being shown below.

Out:

tensor([[ 0.0613, -inf, -inf, -inf,
-inf, -inf],

[-0.6004, 3.4707, -inf, -inf,
-inf, -inf],

[ ©.2432, -1.3934, 0.5869, -inf,
-inf, -inf],

[-0.0794, 0.4487, -0.1807, 0.0518,
-inf, -inf],

[-6.1510, ©0.8626, -0.3597, 0.1112,
0.3216, -inf],

[ ©.4344, -2.5037, 1.0740, -0.3509, -0.9315,
0.9265]],

grad_fn=<MaskedFillBackward0>)

Then, all we have to do is to apply the softmax function as usual to obtain the
normalized and masked attention weights:

In:

attn_weights = torch.softmax(masked / d_out_kqg**0.5,
dim=1)
print(attn_weights)

Out:

tensor ([[1.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000],

[0.0532, 0.9468, 0.0000, 0.0000, 0.0000,
0.0000],

[0.3862, 0.1214, 0.4924, 0.0000, 0.0000,
0.0000],

[0.2232, 0.3242, 0.2078, 0.2449, 0.0000,
0.0000],

[0.1536, 0.3145, 0.1325, 0.1849, 0.2145,



0.0000],
[0.1973, 0.0247, 0.3102, 0.1132, 0.0751,
0.2794]11,
grad_fn=<SoftmaxBackward0>)

Why does this work? The softmax function, applied in the last step, converts the
input values into a probability distribution. When -inf is present in the inputs,
softmax effectively treats them as zero probability. This is because e/\(-inf)
approaches 0, and thus these positions contribute nothing to the output
probabilities.

Conclusion

In this article, we explored the inner workings of self-attention through a step-
by-step coding approach. Using this as a foundation, we then looked into multi-
head attention, a fundamental component of large language transformers.

We then also coded cross-attention, a variant of self-attention that is particularly
effective when applied between two distinct sequences. And lastly, we coded
causal self-attention, a concept crucial for generating coherent and contextually
appropriate sequences in decoder-style LL.Ms such as GPT and Llama.

By coding these complex mechanisms from scratch, you hopefully gained a
good understanding of the inner workings of the self-attention mechanism used
in transformers and LLMs.

(Note that the code presented in this article is intended for illustrative purposes.
If you plan to implement self-attention for training LLMs, I recommend
considering optimized implementations like Flash Attention, which reduce
memory footprint and computational load.)

1. Gradient Descent

In this section we are going to introduce the basic concepts underlying gradient
descent. Although it is rarely used directly in deep learning, an understanding of
gradient descent is key to understanding stochastic gradient descent algorithms.
For instance, the optimization problem might diverge due to an overly large
learning rate. This phenomenon can already be seen in gradient descent.



1.1 One Dimensional Gradient Descent

Let’s start by looking at gradient descent in one dimension to explain why the
gradient descent algorithm will minimize the objective function. We pick a
continuously differentiable real-valued function f : R — R as our objective
funtion. Using a Taylor expansion we obtain:

flx+e) = flx) +ef(x) +0(e). (L.1)

With first-order approximation f(x + €) is given by the function value f(z) and
the first derivative f’(z) at z. It is not unreasonable to assume that for small e,
moving in the direction of the negative gradient will decrease f. To keep things
simple we pick a fixed step size > 0 and choose ¢ = —n f’(x). Plugging this
into the Taylor expansion above we get
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