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1.2
1.2.1

Forany B € B, X '(B),Y'(B) € F.Then

Z'(B)={we Q| Z(w) € B} (1)
={weQ|weArwe X (B)VweArweY I(B)} (2)
=(ANXYB)U(A°NnY (B) eF (3)

1.2.2

lower bound: (2)~%/2 . (47! — 473) . exp(—42/2)

upper bound: (27)~/2 . (4!) - exp(—42/2)

1.2.3

For each z € (—o00, 00) set
0y = limy . F(y) —limy, F(y) = P{w € Q| X(w) = x}).

Set D = {z € (—00,00) | 0, > 0}. Then, by the definition above,

» 6, <P@Q)=1

A sum of uncountable positive values is infinite, so D must be at most
countable.

1.2.4

Set G : R — (0, 1) to be the distribution function of Y = F' o X. Then for
y €R, Gy) = P(YH((—00,9)))) = P{w € Q| F(X(w)) < y})

Since F' maps R into [0, 1], for y < 0, G(y) = P(®) = 0 and for
y>1,G(y) =P(Q) =1.
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Set A={we Q| F(X(w)) <y}

Next, since

e [ is continuous,
o lim, . F(x)=1,
e lim, , F(x)=0,
e yc(0,1)
Then there must exist at least one z s.t. F'(x) = y.

e Since F' is non-decreasing, the set of all such x are an interval - then
set xx =sup{z € R | F(z) <y}.

e Since F' is continuous, there cannot be a discontinuity at z*, so F'(xz%) =
P(X7H((—00,24)) = y.

Set B = X"!((—o0,z%]) = {w € Q| X(w) < z*}.

e Since F is non-decreasing, then forw € Q, X(w) < zx = F(X(w)) <
F(zx) =y

e Since zx =sup{z € R | F(z) <y}, F(X(w)) <y = X(w) < xx

e SOA=DBand P(A)=G(y) =y

1.2.5

From the definition of density, set

F(x):/( Dfd/\

Then for Y = g o X with distribution function G:

G(y) = P(Y ™ ((=00,y))) (4)
= P({weQ]g(XWw)) <y}) ()
ZP({w€Q|X( ) <97 W)} (6)
=F(g7! (7)
= (8)

/ oog‘l(y)]

Since P(Y (o, 8)) =1,
o Vy<aF(y) =0
o Vy=pF(y)=1
Then from (7),
o vy < g(a),G(y) = F(g(y)) < Fg(g'(a))) =0

o Vy>g(a),G(y) = F(g(y)) > F(g(g7'(B8))) =1



Next define the push-forward measure v given by VB € B,v(B) = A(g'(B)).

Then using (i) change of variables and (ii) change of measures:

Gly) = / Jdx
(—o00,g~ 1 ()])
_ / Fogldv
g((=00,971(¥)]))

= / fog ™ dv
(—00,])
dv
= (fog™) =<, dX
/<oo,y1> dX
1

— f O g_l r— dA
/<oo,y1)( ) gogt

The density function of X is
1 1.2
f(x) = (27-(—)1/26 2
Then the density function of exp(X) is
1

1.2.7

Fya(y) = P({w € Q| X*(w) € (—o0,y]})
= P{weQ]XW) e [=vy, Vil})

= / fidA
RVORNE

_ / Jodr— / 7.dA
(—OO,\/ﬂ (—OO,—\/Q]

Then differentiating:

Frey) = F(VT) - % — (=vE)- —%
A+ F=yD)
NG

Then for X ~ Normal(0, 1),

(9)
(10)
(11)
(12)

(13)

(18)

(19)
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