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In September and October 2026, OpenAl released two preprints (OpenAl 2026b,
2026a) concerning fundamental problems in ergodic theory. The first announces
a proof of Rokhlin’s multiple-mixing conjecture, which had remained open for
more than seventy years. The second establishes pointwise convergence of

multiple ergodic averages for mixing transformations.
The two results are closely related, so we discuss them together.
Let us recall some definitions.

A measure-preserving dynamical system consists of a probability space
(X, B, 1) and a measurable transformation 7" : X — X such that
T A) = u(A)
for every measurable set A C X. Here u(X) = 1, and the equality means that
the probability of an event does not change when the system evolves by one time

step.

We assume that T' is invertible and that its inverse is measurable. Starting from a

point z € X, we obtain its orbit
z, T(z), T*(z), T*(x),...,

where T™ means that T is applied n times.

One of the basic questions in ergodic theory is whether the system gradually

loses information about its initial state.

A measure-preserving transformation is called mixing if, for every pair of
measurable sets A, B C X,

lim p(ANT™"B) = p(A)u(B).

The interpretation is simple. Choose the initial state x at random according to .
The probability that 2 belongs to A and that its state after n steps belongs to B
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p(ANT™"B).
If T is mixing, this probability approaches u(A)u(B), as if the two observations

were independent.

A standard example is the Bernoulli shift. Imagine an infinite sequence of
independent fair coin tosses, indexed by all integers, and let T" shift the sequence
one position to the left. Events determined by finite blocks of coin tosses
become independent once their blocks are sufficiently far apart. This leads to the

mixing property.

But what happens if we observe the same system at three or more widely

separated times?

For example, suppose that A, B, C' are measurable sets. Does ordinary mixing
imply that
HANT"BNTC) — p(A)u(B)u(C)

asn — oo?

The difficulty is that pairwise independence does not necessarily imply joint

independence.

For example, let U, V' be independent random variables, each taking the values 0

and 1 with equal probability, and put

W=U+V (mod 2).
Every pair among U, V, W is independent. However, knowing U and V'
determines W completely. In particular,

PU=V=W=0) =~

ZZ’

whereas the product of their individual probabilities is 1/8.

Thus, knowing that pairs of observations become independent does not

immediately tell us what happens to larger collections.

In 1949, Rokhlin raised the question of whether a mixing transformation must

also be mixing of all orders. This means that, for every integer > 2 and

measurable sets Ay, ..., A,, we should have
" (ﬂ T_"jAj) — TI u(4y)
j=1 j=1

whenever all the pairwise differences |n; — n;| tend to infinity.

The case r = 2 is precisely the definition of ordinary mixing.



Over the decades, the conjecture was established for several important classes of
dynamical systems. For example, Kalikow (Kalikow 1984) proved that mixing
implies threefold mixing for rank-one transformations. Ryzhikov (Ryzhikov
1993) subsequently obtained mixing of all orders for mixing finite-rank

transformations.
However, the problem for arbitrary mixing transformations remained open.

There was also a reason to be cautious. In 1978, Ledrappier (Ledrappier 1978)
constructed an action of two commuting transformations that is mixing in the
appropriate twofold sense but not threefold mixing. Thus, the analogous

statement fails for certain actions of the group Z2.

The crucial question was whether this could happen for the iterates of a single

transformation.

The first new preprint (OpenAl 2026b), posted on September 23, 2026, gives an

affirmative answer to Rokhlin’s conjecture.

Theorem 1 (OpenAl) Every invertible mixing probability-preserving
transformation is mizing of every finite order.

More precisely, for every integer r > 2 and all measurable sets A4, ..., A, C
X

T T
p (ﬂ T‘"jAj) — [T u(4y)
j=1 j=1
as
min |n; — n;| — .
i#j

Thus, for a single invertible transformation, the asymptotic independence of
pairs of observations already forces asymptotic independence of every fixed

finite number of observations.
Let us briefly discuss the proof.

The authors argue by contradiction, supposing that mixing holds but fails at
some higher order. They choose the smallest order at which this happens and
study the limiting joint distributions of observations taken at increasingly

separated times.

These limiting distributions are called joinings. They retain information about
possible correlations between the observations even when all smaller collections

have become independent.



The proof constructs increasingly elaborate arrays of such joinings and analyzes
the conditional expectations connecting their coordinates. This produces
algebraic restrictions on any correlations that might survive at widely separated
times.

Finally, a cancellation argument, using ordinary mixing and information-
theoretic properties of the system, rules out the remaining correlations. This

contradicts the assumed failure of higher-order mixing.
The second new theorem concerns a related but different question.

For bounded measurable functions g, ..., g, : X — R, consider the multiple
ergodic averages
1

N Y 1(T*z)go(T*z) - - - g, (T ).

k=1

AN(iL') =

These averages combine observations of the same orbit at the times
k,2k,... rk.

When r = 1, we obtain the ordinary ergodic averages
1 Y .
AT Z 9 (T T )7
N3

whose pointwise convergence almost everywhere follows from Birkhoff’s

classical ergodic theorem.

When r > 2, the problem becomes much more difficult. In 1990, Bourgain
(Bourgain 1990) proved pointwise convergence for the case of two linear
iterates. Host and Kra (Host and Kra 2005), and independently Ziegler,
subsequently established convergence in the L? norm for any finite number of

consecutive linear iterates.

However, convergence in L? does not automatically imply pointwise
convergence along the entire sequence of positive integers. The latter requires

control of the averages for almost every individual starting point.

In a previous blog post, we discussed a related theorem of Kosz, Mirek, Peluse,
Wan and Wright concerning pointwise convergence of polynomial multiple

averages when the polynomials have distinct degrees.

The new result treats a complementary situation. All the polynomials are linear,
k,2k, ..., rk,

but the transformation is assumed to be mixing.
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The preprint (OpenAl 2026a), posted on October 4, 2026, establishes the

following theorem.

Theorem 2 (OpenAl) Let T be an invertible mixing probability-preserving
transformation. Then, for every integer r > 2 and every fized collection of
bounded measurable functions g1,...,9, : X = R,

1 N r ) T
v 2 [[9(T"2) — H/ g; d
k=1j=1 j=17X
for almost every x € X, as N — oo.

For example, taking g1, g2, g3 to be the indicator functions of measurable sets
A, B, C, respectively, gives

1
Jim N#{l <k<N:T*z € A, Tz € B, T*z € C} = u(A)u(B)u(C)
for almost every starting point x.

Thus, although the observations at times k, 2k, 3k are made along the same

orbit, their simultaneous occurrence has the expected asymptotic frequency.
It is worth emphasizing the distinction between the two new theorems.
The first theorem implies that, for bounded functions ¢, ..., g,
T T
ik
[ T 95T du(z) — 1 [, g;dw
X i X
J=1 Jj=1
as k — oo.

But this is a statement about the average over all starting points. It does not by
itself establish the pointwise convergence of Ay (x) for almost every individual

x.

The second theorem requires substantial additional work. Its proof combines
higher-order mixing with pointwise estimates for triple averages and a
sophisticated analysis of limiting distributions of multiple observations. By
studying hypothetical failures of pointwise convergence, the authors construct

special joinings and use their structure to obtain a contradiction.

Neither theorem assumes a quantitative rate of mixing. In particular, the
conclusions apply even when the correlations in the definition of mixing

converge to their limits extremely slowly.

Both papers are currently available as preprints. If their proofs withstand
independent verification, they will settle two major questions about the

statistical behaviour of deterministic dynamical systems.



Together, the results give a powerful principle: for an invertible mixing
transformation, ordinary asymptotic independence of pairs of observations
forces not only mixing of every finite order, but also the expected pointwise
frequencies of simultaneous observations along arbitrarily long arithmetic

progressions of times.
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