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In September 2026, OpenAl released a preprint (OpenAl 2026) announcing a
proof of the Kannan—Tetali—Vempala conjecture for simple undirected graphs.
The conjecture concerns a natural problem at the intersection of graph theory,
probability, and computer science: how can we efficiently generate a uniformly

random graph with prescribed vertex degrees?
Let us begin with the definitions.

A graph consists of a set of vertices, some pairs of which are joined by edges. A

graph is called simple if it has no loops or multiple edges.

The degree of a vertex is the number of its neighbours. If a graph has vertices
labelled 1,2, ..., n, its degree vector is
d = (dy,ds,...,d,),

where d; is the degree of vertex 1.

A degree vector is called graphical if there exists at least one simple graph

having exactly these degrees.

For example, the vector
(1,1,1,1)
is graphical. There are exactly three simple graphs on the labelled vertices
1,2, 3,4 with these degrees: their edge sets are
{{1,2},{3,4}},
{{1,3},{2,4}},
{{1,4},{2,3}}.

Suppose we want to select one of these graphs uniformly at random, meaning

that each has probability 1/3. In this example, the task is easy.

But what if there are thousands of vertices with an arbitrary prescribed degree
vector? The number of possible graphs may be enormous, making it impossible

to list them all and select one uniformly.

A natural solution is to use a random process called the switch chain.
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The basic operation is remarkably simple. Suppose that four distinct vertices
a, b, ¢, d satisfy the following conditions: ab and cd are edges, while ac and bd

are not. We may then remove the edges ab, cd and insert the edges ac, bd.

Schematically,
{ab, cd} — {ac, bd}.

Such an operation is called a switch. It preserves the degree of every vertex,
since each of the four vertices loses one edge and gains one edge.

Starting from any graph with the prescribed degree vector, we can repeatedly
perform randomly selected switches. Since the degrees never change, we remain

within the collection of graphs that we want to sample.

The hope is that after sufficiently many random switches, the resulting graph
becomes almost uniformly distributed among all graphs with the given degrees.

More precisely, let {24 denote the collection of all simple graphs on the labelled

vertices {1, ...,n} having degree vector d.

We use the following version of the switch chain. At each step, with probability
1/2, we do nothing. Otherwise, we select four distinct vertices uniformly at
random and choose uniformly one of the six ordered pairs (F, F”) of different
ways of pairing these four vertices into two disjoint edges. If both edges of F’
are present and both edges of F” are absent, we replace F' by F’. Otherwise, we
do nothing.

The additional probability of doing nothing makes the process lazy, preventing

certain periodic behaviour.

The process is an example of a Markov chain: the probabilities of its next state

depend only on its current state, not on how it arrived there.

Moreover, every switch can be reversed with exactly the same probability.
Together with the fact that any two graphs with the same degree vector can be
connected by a sequence of switches, this ensures that the uniform distribution is

the limiting distribution.

The difficult question is how quickly this convergence takes place.



To measure the difference between two probability distributions y and v on a
finite set 2, we use their total variation distance,
1
I =vllrv = 5 2 1M(G) = v(G)].
GeQ
Equivalently, this is the largest possible difference between the probabilities

assigned by p and v to the same event.

If this distance is small, the two distributions are statistically difficult to

distinguish.

The conjecture, associated with the work of Kannan, Tetali, and Vempala
(Kannan et al. 1999), predicted that the switch chain approaches the uniform
distribution in a number of steps bounded by a polynomial in n, for every

graphical degree vector.

Substantial progress was made over the following decades. In 2007, Cooper,
Dyer, and Greenhill (Cooper et al. 2007) proved polynomial mixing for regular
graphs, in which every vertex has the same degree. Subsequent results covered

various classes of irregular degree vectors.

In 2026, Fu, Qin, and Wang (Fu et al. 2026) established the corresponding result
for bipartite graphs, where the vertices are divided into two classes and all edges

join vertices from different classes.

However, the general problem for simple undirected graphs with arbitrary

degrees remained open.

The new OpenAl preprint (OpenAl 2026) claims to settle this problem, and

gives an explicit polynomial bound.

Theorem 1 (OpenAl) Let d be any graphical degree vector on n > 4 la-
belled vertices. Starting from any graph in Qq, the lazy switch chain described
above produces, after 2n® steps, a probability distribution whose total varia-
tion distance from the uniform distribution on Qg is at most 1/4.

Moreover, for every finite graphical degree vector, there exists a randomized
algorithm that produces a graph exactly uniformly from Qq. The algorithm
terminates with probability one, and its expected running time is polynomial
in the length of the input.

The striking feature of the theorem is that it imposes no restrictions whatsoever
on the degree vector, beyond the obvious requirement that at least one graph
with these degrees exists.

The degrees may be very different from one another, the graph may be sparse or
dense, and some vertices may have degrees close to 0 while others have degrees

closeton — 1.



In every case, the same upper bound of 2n8® steps applies.

The bound is certainly not expected to be optimal, but its significance is that it is

polynomial and completely uniform.

The second assertion is also worth emphasizing. Running a rapidly mixing
Markov chain for a finite number of steps gives a distribution that is

approximately uniform, not exactly uniform.

The theorem guarantees something stronger: a separate algorithm that produces

each graph in 24 with precisely the same probability.
Let us briefly discuss the proof.

The authors first introduce a more powerful operation than an ordinary switch.
Instead of changing two edges, they choose a pair of vertices and randomly

redistribute their neighbours, while preserving all vertex degrees.

Such an operation can change many edges simultaneously, but its possible

outcomes have a particularly convenient mathematical structure.

The central part of the proof establishes inequalities controlling how quickly
these larger random updates eliminate differences between probability
distributions. The argument uses variance estimates and linear algebra, with
special attention to the interactions between updates involving overlapping or

disjoint pairs of vertices.

The authors then compare these larger updates with ordinary switches. This
gives a quantitative bound on the spectral gap of the switch chain, a number

measuring how quickly the process approaches equilibrium.
The resulting estimates imply the explicit mixing-time bound 2n8.

To obtain an exactly uniform sampler, the authors use an additional correction
procedure. Most of the time, the algorithm simply runs the switch chain long
enough to produce an extremely accurate approximation to the uniform

distribution.

On a very rare branch, it performs a more expensive computation to correct the
remaining bias exactly. Although this exceptional computation may take
exponential time, it occurs with such small probability that the expected running

time remains polynomial.

Thus, exact uniform sampling is possible in expected polynomial time, even
though the algorithm does not have a polynomial worst-case running-time

guarantee.



This result connects naturally with our earlier discussion of random regular
graphs, where we studied the expansion properties of graphs selected at random.
Here the focus is different: rather than analyzing a random graph after it has
been generated, we ask how to generate it efficiently while preserving its

prescribed degrees.

Uniform sampling with fixed degrees is particularly useful in network science,
where one often wants to distinguish structural features caused merely by vertex

degrees from genuinely unexpected properties of a network.

The result is currently available as a preprint. Its main conclusion is remarkably
general: no matter how irregular the degree vector is, repeated random switches
provide a polynomial-time route to an almost uniformly random graph, and an

additional procedure makes exact uniform sampling possible.
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