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Yesterday, | wrote about small gaps between primes. Today, let me write
about long gaps.

If we denote by
G(X)= sup_(pn+1— Pn) (1)

Pnt1<X

the largest gap between consecutive primes up to X, then the prime
number theorem implies that

G(X) > (1+40(1))log X.
All known methods for improving this lower bound proceed by
constructing a sequence of consecutive integers, each of which has a
“very small” prime factor. More formally, let j(n) be the maximal gap
between consecutive integers coprime to n, and let

J(X) = max j(n).

Then it is easy to see that G(2X) > J(X) for all X > 3. Hence, any lower
bound on J(X) implies a corresponding lower bound for G(X).

Maier and Pomerance (Maier and Pomerance 1990) conjectured in 1990
that

J(X) = log X (log log X )%,
and this conjecture is widely believed. If it is true, then a lower bound of
the form

G(X) > log X (log log X )?+°®
is the conjectural limit of the current method. Nevertheless, it took more
than 90 years, and eventually the help of Al, to reach this bound.

In 1931, Westzynthius (Westzynthius 1931) was the first to prove that
G(X)

X:E)noo ]_ogX =
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In 1935, Erdés (Erdés 1935) proved the lower bound

G(X) > log X (loglog X)*°W,
At this level of precision, the exponent 1 + o(1) stood for more than 90
years, despite important improvements to the lower-order terms by many

authors, including Rankin, Ford, Green, Konyagin, Tao, and Maynard
(Rankin 1938; Ford et al. 2016, 2018; Maynard 2016).

On September 3, 2026, OpenAl published a proof, due to GPT-6 Astra, of
the improved bound

G(X) > log X (loglog X)*T°W,
As mentioned above, up to the o(1) term, this reaches the conjectural
limit of the current method.

Cramér’s random model of the primes predicts maximal gaps on the
scale (log X)2. In fact, the model itself gives the constant 1, and Shanks
later conjectured the asymptotic

G(X) ~ (log X)2.
More refined modern probabilistic models (Banks et al. 2023) suggest
instead the constant

2¢77 =1.1229. . .,

subject to an additional natural conjecture about the underlying sieve
problem.

The best published upper bound remains
G(X) < X0.525

for all sufficiently large X, proved by Baker, Harman and Pintz (Baker et
al. 2001) in 2001.
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