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Connections and General Structures

Connections on a Manifold with Vector Bundles

Definition 1. A (linear, affine) connection V on a manifold M is a
connection on TM ie. V X, Y € X(M), we have (an R-bilinear) VxY €
X (M) satistying

VixY = fVxY +(X[f)Y, V f e CF(M). (1)
In this case, VY is the covariant derivative of Y along X.

{v L X (M) x X(M) — X(M),
Vi : X(M) — X(M), X € X(M).
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Remark. There are some basic concepts to be stated for connec-
tions/covariant derivatives.

1. Lie derivative is not a covariant derivative since V¢xY = fVxY but

LixY = fLxY — (Y )X.

2. If V and V' are connections on M, then Q@ = V' — V €
QY(M,End(TM)) s a 1-form with values in the bundle End(T'M).! For
all XY € X(M), f € C®(M), write Q(X,Y) = VY — VxY. Then
QUfX,Y) = [Q(X,Y) and

QIX, [Y) = (fVYY +(X))Y) = (fVxY +(X[))Y) = fQ(X,Y).
3. In local coordinates (z*) on M, write!
Vo, 0, = Fz,j(a:)(%,
where Fl’)y are Christoffel symbols of V.
If © =2"0,,Y =Y"0,, then
VxY = X*(Y¥V,.0, + (0,Y")0,) = X*(9,Y* + T, Y")0s.
In tensor calculus we write
XHY 2,00,

where
YA, =0, Y 4T, Y.

Physicists use this notation as an analogy between covariant derivative
and ordinary partial derivatives:
YA, =0
In the previous paragraphs we say that a connection on a manifold is a
“connection on its tangent bundle", or the difference of two connections is an
“1-form with values in the bundle End(7T'M)". These are the concepts in vector
bundles, a special type of fibre(fiber) bundles.

Definition 2. A (complex/real) vector bundle over a manifold M is a
manifold £ with a projection 7 : E —» M s.t.

1. Vpe M, E, =7 !(p), the fiber of p, is a complex/real vector space
of dimension r and

2. V p e M, 3 open neighborhood U C M containing p s.t. 3 diffeomor-
phism ¢y : 7 H(U) — U x K (K=R or C) and

3.VaeU. 71 — {a} x K~! is a linear isomorphism.



Remark. The transition map on vector bundles are given as follows. If V' C M
is another open neighborhood of p with ¢y : 771 (V) — V x K", then
VgeUNV,3gyy:UNV — GL(1, K) s.t.

Yy oyt (UNV)x K — (UNV) x K"
(ﬂ 7)\ — ((7 (‘ltfrr(ﬂ\ﬂ\

Definition 3. If (£, 7, M) is a vector bundle, a section is a map s : M —
E s.t. mos =1idy. Let I'(M, E) or simply I'(F) denotes the space of sections.

Remark. In particular, consider T'M being a real vector bundle over M, its
section I'(T'M) is the space of vector field X(M).

Definition 4. A connection V on a vector bundle 7 : £ — M is an
R-linear operator

V:X(M) x (E) — I'(E)

(X,s) —> Vxs
satisfying
Vsz = fVXS
Vx(fs) = vaS + (Xf)S

forall X € X(M), s e I'(F) and f € C*(M).
Fact 1. If E and F are vector bundles over M, then so are

E*, E®F, E®g F, Homg(E, F), Endg(E /\E
with
(E),, E,®F,, E,®xF, Homg(E,,F,), Endg(E /\ E,.
In particular, D(\N"T*M) = QF(M).

Definition 5. if 7 : £ — M is a vector bundle, a k-form with values in E
is a section of (A"T*M) @g E. We write QF(M, E) = D((AN*T*M) @& E).

Remark. Connections V¥ on E and V¥ on F naturally induce connections
on

E*, E®F, E®g F, Homg(E, F), Endg(E /\E

by Leibniz rule.
Example 1. Let X € X(M) and s € I'(E).

e o € I'(E*), then

e t € I(F), then
(VP (s@t) = (VEs) x t+s® (Vi)
e AcT'(End(FE)), then

(VEAE) A) (5) = VE(As) — A (VEs).



Given a connection V on 7'M, then connection on 7*M (also denoted by V) is

given by

(Vxa)(Y) = X(a(Y)) — a(VxY), (2)
forall X € X(M),a e T(T*M) = Q' (M) and Y € X(M).
In local coordinates (X*), V,dz* = —T') dz”. If an 1-form o = avxda* locally

and X = X*0,, then Vya = X*(0,0, — Fﬁya,\)dz’”. Similarly in tensor

calculus,

= auOé,/ — I._O\ Q).

Q. "

o
Generally, if B e T (®" TM & @' T*M).
B=BM%, ,0\,® - ®0, @dt" @ @ dx",

then

k ¢
X p oAk
B 1 kyl---z/e = B ! le"'I/g _'_E B i-th Vl"'VEF :0_: :B ' kyl...j_ot-h v, F(
j=1

< oy
Definition 6. Let V be a connection on a manifold.
1. The torsion T of V is given by T'(X,Y) = VxY — Vy X — [X, Y] and
2. the (Riemann) curvature R of V is

R(X,Y)Z = ([Vx,Vy] = Vixy) Z

for all X|Y,Z € X(M).
Definition 7. The connection V is torsion free if T' = 0; V is flat if R = 0.
Lemma 1. We have T € Q*(M,TM) and R € Q*(M,End(TM)).
Skech of the proof.. Obviously both T" and R are anti-symmetric.
We need to check that V f € C*°(M),
T(fX,Y)=f(X,Y) =T(X, fY)
which is clear; and

R(fX,Y)Z = R(X, fY)Z = R(X,Y)(fZ) = fR(X,Y)Z.



Remark. with the concept of torsion and curvature, we have

1. In local coordinates (z*), if T(0,, 0,) = T},0z, then Ty, =T, .7
Let R(Oy,0,)0\ = R,",0,, then

Ry = 8,00, — 9,00, + T 17, —T7 I"

not v Vo pA

or one can write it more compactly,

_ e p o
Ry = T + Dol

where [a--- ,---d] permutes the indices adjacent to the bracket only.
(which are @ and d in this case)"

2. In the above, the (Riemann) curvature is defined by the connection
on TM, ie. R = R™ . Since V = V™ induces V'™ on T*M
and VPMTM) on End(TM), etc. We have a € QY(M) = I'(TM),
A eT(End(TM)),

RUMXY)a = (VEY, V5 - VEY)
RET(X V) A = [R(X.Y), 4]

Furthermore. RTM(X. Y)a = —tR(X.Y)a € Q*2(M.End(T*M)).

Lemma 2. Let V,V' be connections on a manifold M. Let Q(X,Y) =
V'XY — VY for all X,Y € X(M). Then QinD(M, Hom(TM @ TM, TM))
and the torsions T,T" of V,V' satisfy

T/(Xa Y) - T<X7 Y) = Q(Xa Y) - Q(Y> X)7 v X7Y € %<M)
In particular, V,V' has the same torsion if and only if Q(X,Y) = Q(Y, X)
forall X, Y € X(M).
Proof. From previous discussion we’ve shown

QUfX,)Y)=Q(X,fY)=fQ(X,Y) forall X,Y € X(M) and f € C>*(M).
Thus

T(X,)Y)-T(X,Y) = (VyY -V, X—[X,Y])—(VxY-VyX—[X,Y]) = Q(X
O

Definition 8. Let v: R — M (or from an open interval I C R containing
0) be a smooth curve on a manifold. Let V be a connection on M. The
parallel transport of X, € 7)) M along v is a set {X,} s.t. Xy € TyoyM
and 745 Xs = 0 for all s € R.

The curve 7 is a geodesic on M if V;5¥(s) = 0.



Remark. Here we give more notion on geodesics.

1. Note that ¥(s) and X, are on the the curve y(R), but V)X, is well-
defined by extending them to a neighborhood of the curve.

2. In local coordinates (z#), v is described by ~#(s). Then X, =
d

X*#(s)0, is a parallel transport of Xy if X*(0) = X' and d—X’\(s) +
s

r W) vy = 0. n particular, 7 desic if
W(w(s))T (s) = 0. In particular, v is a geodesic i

d dy*(s) dy"(s)

T+ T (e D) )

For small s, solution «*(s) exists and is unique with the initial condi-
tions v(0) € M, 4(0) € Tyo)M.

3. Another connection V' on M defines the same geodesic if and only if
Q(X,Y) = (Vy — Vx)Y is anti-symmetric, Q(X,Y) = —Q(Y, X), for
all X.Y € X(M).

Corollary 1. Among the connections on M that define the same geodesics,
there is a unique one is torsion-free.

Sketch of the proof. The uniqueness follows from the Lemma and Remark 3.
above. If V is any connection on N, then V' is given by
VY =VxY — IT(X,Y) is a torsion free connection with the same

geodesics. O

Torsion, Curvature and Bianchi Identity

Let V be a connection on a manifold M . We have the torsion and connection

curvature tensor

2
Terl (M,Hom (/\ TM,TM)) ,

Rer (M, Hom ( N1, End(TM))).

Now we have the identities

Theorem 2. LetT' and R be the torsion and curvature tensor of a connection
V on a manifold M. Then

1. Ist Bianchi identity

RIX,YVZ +cp.=T(T(X,Y),Z)+ (V) (X, Y)+ cp.. (4

2. 2nd Bianchi identity

(VZR)(X,Y)+ c.p. = R(Z,T(X,Y)) + c.p.. (5)

where c.p, denotes the cyclic permutations.



Corollary 3. If V is a torsion-free connection on M, then for all X,Y €
X(M),

{R(X, YVZ+R(Y,Z)X + R(Z,X)Y =0 )

(VZzR)(X,Y)+ (VxR)(Y,Z)+ (VyR)(X, Z) = 0.

Proof of the thoerem.

1. We have

R(X,)Y)Z 4+ cp.=([Vx,Vy| = Vixy))Z +cp.
= VvaZ — Vy(VZX — [Z, X] — T(Z, X)) — V[X,y]Z +c

Note that VxVyZ — VyVzX + c.p. = 0, thus we have (reordering
X,Y, Z by cyclic permutations)

R(XY)Z +cp. = VX, Y] = Vixn Z + VT(X,Y) + cp.
=T(Z, X, Y))+ [ZIY]] + (VLT)(X,Y)+ T(VzX,Y)
= T(VXY VyX —[X,Y], Z) + (VT)(X,Y) + c.p.
=T(T(X,Y),2) + (VZT)(X,Y) + c.p.

We have

(VZzR)(X,Y)Z 4+ cp. =Vz(R(X,Y)) — R(VzX,Y) — R(X,VzY) + c.p.
=V, RX,Y)|+ R(Z,VxY —VyX)+cp
= V2 VI = V2, Vixy)] + R(Z,T(X,Y) + [X
= R(Z,T(X,Y)) = Vizxyy + c.p.
Note that
(Vzo R(X, Y)W = Vz(R(X,Y)W) = R(X,Y)V,W = [Vz, R(X, Y)W
and every canceling is due to Jacobian identity with cyclic permutations.
O
Remark. In local coordinates (X*), the Corollay is
{RW tHR,+R, =0
VaR.”.+V.R."_+V.R."_=0.

Definition 9. Let V be a connection on a manifold M with (Riemannian)
curvature (tensor) R. The Ricci curvature (tensor) of V is given by

Ric(X,Y) :=Tr(R(e, X)Y), VXY € X(M). (7)

Note that Ric € T(M,T*M & T*M) (or (TM ® TM)*).

Proposition 1. If V is a torsion free connection on a manifold M, then for
Al X,Y, 7 € X(M),

1. Rie(X,Y) — Ric(Y, X) = — Tr R(X,Y).
2. (VxRie)(Y. Z) — (Vy Rie)(X. Z) = Te(V.RIX. V) Z.



Proof. By the Bianchi identities, we have

R(e, X)Y — R(e,Y)X + R(X,Y)(e) =0
VxR(O,Y)Z — VyR(O,X)Z - (V.R)(X, Y)Z =0

Then the result holds by taking the trace of both sides. O

Remark. In local coordinates (z*), R(9,,0,)0» = R0, implies R, can

represent the Ricci tensors since R, := Ric(d,,0,) = R)\u/\u’ Thus we have
the (contracted) Bianchi identities:

{ Ry — Ry + R, =0, .
V.Ri —V.R—V.R " =0.
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