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We have the Chevalley restriction theorem:

The restriction of the natural map from the ring of polynomial class functions on
the lie algebra g to the ring of polynomial functions on t is injective, and its
image coincides with the invariant polynomial ring with respect to the action of
the Weyl group W on t.

Note that X*(7T") ®z C = t*, so C[X*(T)], the ring of polynomial functions on
X*(T), is identified with C[t*], which is the ring of polynomial functions on t.

We further have an isomorphism of algebras from C ®; K (Repgv) to the
algebra of polynomial class functions on GV by taking character.

The Bruhat decomposition tells us that the double coset algebra C[B \ G/B] is
isomorphic to C[W¥] (This is the specialization of the one-parameter family of
Iwahori-Hecke algebras H, specialized at ¢ = 1; for all other values of ¢ except
at roots of unity, Tits prove it is isomorphic to it is also isomorphic to C[W]; See
here, point 4). We would like to obtain similar description for maximal compact
K. See the wiki article. This will give us the unramified local Langlands
correspondence, where the parameter is just a point of T (C)/W,ora
semisimple element of G (C) up to conjugacy. see here for a sketch of the proof.
The key is Iwasawa’s decomposition G = BK.

Proof that S f is W -invariant (note that it is important to put in the §'/2 factor
(see page 147 of Cartier’s article).
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