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Grothendieck’s idea to study  is via its action on geometric objects.

We need two facts:

We have the following exact sequence 

where  is a variety over a perfect field .

For , we have 

From 1, the adjoint action of the arithmetic fundamental group  preserves

the geometric fundamental group , and it descends to a map 

. For example, if , then 

, and the action  is the cyclotomic

character.

If we consider  and , then we have a group

homomorphism 

where  is the free group on two generators. The amazing thing is that this map

is injective, first shown by Belyi (see this post for a proof of the original

statement; the faithfulness of the action of the absolute Galois group can be

shown by considering elliptic curves , see Theorem 2 of this article; For

generalization of Belyi’s theorem, see here).

Drinfeld gives an explicit description of a subgroup  of  that

conjectually is the image of the absolute Galois group. See Willwacher’s note

Definition 1.2. The definition is as follows: Let  be the two generators of ,

 consists of all  such that  such that 

,  satisfying

.

 if  and .

where  is generator of .
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For more information, see the book geometric Galois theory volume 1 and 2.

See also the Dessin d’enfant chapter in this book for an interesting example of

arithmetic invariant of Galois orbits of dessin d’enfant.
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