The Expected Number of Men with at Least
One Woman Next to Them
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Another test of the platform.

A group of n men and n women are randomly arranged in a line. What is the
expected number of men who have a woman next them? How would this change
if they were arranged in a circle instead of a line?

Let X1, X5, ..., Xy, denote a sequence of Bernoulli random variables where

1 it the person in the i**position is a man

0 otherwise,

i =1,2,...,2n. The total number of permutations of the 2n people is (2n)!.
The number of permutation with a man in position " is (/) (2n — 1)!, where the
binomial coefficient gives the number of ways to select a man to occupy the 7*?
position and the second factor is the number of ways to permute the remaining
(2n — 1) people. Hence, under the assumption of equally likely outcomes,

(1) (2n = 1)! ~n 1

PX,=1]=Y*——"" = — =_, 9
| ] (2n)! 2n 2 2)
A new sequence of Bernoulli random variables Y7, Y5, ..., Ys, is introduced
where

1 if a man is in position i*"and at least one woman is next to him.
Y, =

0 otherwise,

(3)

t=1,2...,2n. Aman in position 1 will only have a woman next to him if the

person in position 2 is a woman; a man in position 2n will only have a woman
next to him if the person in position 2n — 1 is a woman; and a man in position
1 # 1,2n — 1 will have woman next to him if the person in position 7 — 1 or
position ¢ + 1 is a woman. Consequently
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(X,(1— Xy) for i =1,

=
Il

Xz(l — Xi—lXi—l-l) for ¢ = 2, ...2n — ].,

\Xgn(l — Xon-1) for i = 2n.
Clearly,
Y =YVi+Yo+ - +Y5

(5)

is the total number of men with at least one woman next to them. The linearity of

expectation gives
EY]=EM]+E[Y]+ -+ E[Ys)]

or, after a substitution from (4),

E[Y] =E[X)] - E[X1Xs] + i [E[X)] - E[X,_1X: X))
+E[X5,] —E [X%X;;l] =n

2n—1

— |B[X1Xo] + ) B[Xi 1 XX + E [X0, Xo0 ]

1=2

Equally likely outcomes gives

E[XXo]=P[X X, =1]=P[X; =1,X,=1]
(5)2!'2n—2)!  n(n—1) n—1

2n)! 2n(2n—1) 20@2n-—1)

E [Xgn_ngn] ==l and

2(2n—1)°

EXi 1 X Xin|=P[Xis1 =X, = Xi41 = 1]

C(32n=3)!  an-1n-2)  n-2
@) m2e-1)@2n-2) 42n-1)
Therefore
_ n—1 (2n—2)(n—2)
Bly)=n- [271—1 MERPTCTEY }

T {27;_—11 - (ni;ﬁ(ﬁ 1_) 2)}

nin—1)  3n*—n
C202n—1)  2@2n—1)
n(3n —1)

2(2n — 1)

(6)



Let’s turn to how this expectation changes if the people are permuted on a circle.
The primary difference between permutations on a line and permutations on
circle is that on the line the positions are distinguishable by their location
relative to one of the ends, for example from the left most position, and this does
not depend on the choice of the origin on the line! however, on the circle, the
positions are indistinguishable absent a choice of a set of coordinate axes.

Suppose that one sets up coordinate axes and measures angles counterclockwise
relative to the z—axis. The k" position on the circle relative to the coordinate
system is placed at

2T
Op = (k—1)— 11
p= (= 1) (11)
k=1,2,...,n. With this arbitrary choice of a coordinate system, the

permutation of people on the circle reduces to the permuting people on the line.
However, if the coordinate system is rotated by an angle

Om = m%”, m =0,1,...n — 1 counterclockwise, the positions are relabeled as
follows

k+4+m for1<k<n-—-m
k — - - (12)
k+m-—n forn—m<k<n.
This change of coordinate system does not change the circular permutation, but
it corresponds to a distinct linear permutation. The upshot is that there are n
distinct linear permutations which map to the same circular permutation. Since

there are n! linear permutation, there are (n — 1)! circular ones.

A second difference between linear and circular permutations, and the one most
important for consideration here, is the nearest neighbor structure. On the line,
the positions k and k" are nearest neighbors if and only if ¥ = k £ 1. On the
circle, the positions k£ and £/, relative to some coordinate system, are nearest
neighbors if and only if ¥ = k =1 mod n? For 1 < k < n, the nearest
neighbors on the circle are the same as the nearest neighbors on the
corresponding line. The difference is the positions £k = 1 and £ = n on the circle
are nearest neighbors, but the those positions on the line are not.

To answer the question of how the expected number of men with at least one
woman neighbor changes when the permutations are on a circle, select a
coordinate system for the circle and consider the corresponding linear
permutation with positions 1 and n treated as nearest neighbors.

Let Y7,Y5, ..., Ys, be a sequence of Bernoulli random variable defined by



1 if a man is in position i*"and at least one woman is next to him.

Y; =
0 otherwise,
(13)
1 =1,2...,2n. With the modified neighborhood structure,
(Xl(l - X2X2n) for i = 17
Y; = Xz(]- — Xi—lXi—f—l) for ¢ = 2, ...2n — ]_, (14)
\XQn(l - X2n71X1> for i = 2n.
Again
Y=Y+ Y+ -+ Yo, (15)

is the total number of men with at least one woman next to them. The linearity of
expectation gives

EY]=EMNM]+E[Y)|+ - +E[Ya]. (16)
The linearity of expectations and equally likely outcomes gives
Eyjoi__n=2 __ 30 (17)

2 4(2n—1) 4(2n-1)

i=1,2,...,2n. Observe that the expectations in (17) do not depend on 1.
Consequently these expectation are independent of the coordinate system
selected at the onset. Hence

3n?

BlY]= 2(2n — 1)

(18)

is the expected number of men with at least one woman neighbor when n men
and n women are permuted on a circle.

1. This was implicitly assumed in the analysis above.<

2. The reader can check for themselves that the nearest neighbor structure does not

depend on the choice of coordinate system.<
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