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Note: There are some unavoidable formatting issues in this post. A pdf is
available instead here.

The purpose of these notes is to lay out the beginnings of a research program
which aims to explore a particular brand of non-classical theories inspired by the
QBist representation of quantum mechanics induced by a 3-design measurement.
For background, read https://arxiv.org/abs/2412.13505. The crucial feature of

such theories is that the validity of a set of probability assignments P(F;|p) on
the outcomes of a privileged reference device is equivalent to the assumption of
a lower bound on the variance of a natural class of observables. In other words,
the shape of state space is ultimately determined by an uncertainty principle: the
variance of any natural observable cannot be made smaller than a certain
amount, which morally speaking is a way of respecting the uncreatedness of

outcomes before measurement.

The ultimate goal is to motivate a re-derivation of quantum theory along QBist
principles. As one proceeds, however, there are many forks in the road, places
where in order to motivate our assumptions, it would be useful to explore the
consequences of alternative choices, both analytically and computationally.

What follows mingles assumptions, proofs, conjectures, and open questions.

There is a measure-and-reprepare reference device R which is assumed to be
informationally complete. Denote by {E;} the outcomes of the measurement,
and {o;} the corresponding preparations. The reference device may be

characterized in its own terms by a stochastic matrix

P,; = P(E;i|o;j). (0.1)

Let us put some initial restrictions on this matrix. We’ll take it to be symmetric
(P = PT), and hence bistochastic. We also assume Vi : P(E;|0;) = const.
Probabilities for arbitrary measurements may be calculated according to the
QBist Born Rule
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P(n|p) = P(nlo)®P(E|p), (0.2)

where P(E|p) is short-hand for a column vector of probabilities P(E;|p), and
P(n|o) is short-hand for a row vector of conditional probabilities P(n|o;), n
being some arbitrary outcome, and p being some arbitrary preparation. Here &

is a Born matrix, satisfying P® P = P. We assume that we may take

d=al + 8J, (0.3)

where J is the matrix of all 1’s, and that Q(E|p) = ®P(E|p) is a vector of

quasi-probabilities, possibly negative, but summing to 1.

L. Since },; ®;; P(Ej|p) = 1, we must have o 4 n3 = 1 so that
B=1-0a)(5)

2. Notice that P®P = aP? 4 3J = P. Since JPx = Jz, it follows that
aPy + 5Jy =y where y = Px € col(P), that is, y is some linear
combination of the columns of P. Denoting u = (1,...,1)T, we have

Py = é [y —B (Z yi) UI - (0.4)

In particular, for probability vectors P(E|p) € col(P),

S Bl PE) = PED +(1- 1)1 03

which shows that on probability vectors in its column space, P acts as a

depolarizing channel with parameter 1, mixing P(E|p) with the flat

probability vector.
3. Since aP? 4+ BJ = P, using the spectral decomposition P = >, \;v;v],
we have
a Z Mol + puu’ = Z \vgvy . (0.6)

Since P is bistochastic, u is an eigenvector with eigenvalue 1. Acting on
the left v and on the right with vy, we obtain a2 = Xy, or

Ak(aA; — 1) = 0. We conclude the possible eigenvalues of P are
{1,a71,0}. We assumed that Vi : P(E;|o;) = const. Thus

tr(P) = nP(Eilo:) =) Ai=1+(r—1)a, (0.7)

where 7 = rank(P), and so



4. P(Eilo;) =n""(1+ (r—1)a™"). (0.8)
P® projects onto col(P). From P®P = P, we have POPPP = PP so
that P® is idempotent and thus a projector. ® = o + J is invertible,
and thus P® projects onto col(P). In fact since (P®)T = P®, it is an

orthogonal projection. Consistency with the QBist Born rule requires that

P(E|p) = P(E|0)®P(Elp), (0.9)
and so we may without loss of generality consider only probability vectors
P(E|p) € col(P).

5. For an unbiased quantum 3-design, we have a = d + 1,3 = —%, and the

rank r of P is d2.

Let x be an observable, which here means an assignment of numerical values to
the outcomes of the reference measurement. We assume that a probability vector
P(E|p) is valid if and only if the second moment of any observable = € col(P)

is lower bounded. Further, we assume that like the second moment itself, the

lower bound is linear in P(E|p) and quadratic in . In other words,

P(E|p) valid <= Vx € col(P) : Y _7P(Eilp) > Y Aijuwiz; P(Eklp)
i ijk
(0.10)

for some three-index tensor A,y

1. Rewriting the lower bound, we have

x; > 0= Y z;Blpliz; > 0. (0.11)

ij

Z i [Z <5ij5ik - Az‘jk) P(Ey|p)

Since Blp] > 0 on col(P) and P® = (P®)T = &P projects into col(P),
we have Clp| = P®B|p|P® > 0. If we assume A, is symmetric in the
first two indices, then C[p] = C[p]*, and the question of the validity of
P(E)|p) is transformed into the question of the positive-semidefiniteness
of C|p].



2. What assumptions can we marshal to narrow down the reasonable choices
of A;jr, what natural symmetries might we impose? On the other hand,
suppose we fix some A;;;. What is the best way, analytically and
computationally, of charting out the state-space, the set of valid

probability vectors? In particular,

1. Under what conditions is the state-space self-dual? Must any such
state-space be self-dual? In other words, suppose we have a valid
probability vector P(E|p). Bayes’ Rule tells us that

P(Ei|p)P(p)

P(plo;) = P(p|E;) = P(E)

=P (Eilp). (0.12)

Self-duality would mean that given some valid P(E|p),

V1 : P(p|T) = P(p|lo)®P(E|T) =~vP(E|p)®P(E|T) > 0. (0.13)

Conversely, if we have a valid response function P(r|c), i.e. such
that Vp : P(7|p) = P(7|o)®P(E|p) > 0, then

i : P(n|) = P(n|o)®P(E|r) =y~ P(nlo)®P(r]o) > 0. (0.14)

Note that in particular, P(c;|0;) = P(0;|E;) = vP(E;|0;). If we
assume that in fact Vi : P(o;|0;) = 1, then

. n
1+ (r—=1aV

gl (0.15)

For an unbiased quantum 3-design, v = 7.

2. An extremal probability vector is a valid probability vector which
cannot be written as a convex mixture of valid probability vectors
(in col(P)). Can we easily characterize the extremal states of the
theory directly in terms of A;;;,? In terms of the eigenstructure of

Clp]? When is the variance bound saturated?

3. Which state-spaces can support a a maximal simplex with r vertices
which lie on its boundary, that is, a SIC? What is the maximal size d

of a simplex of perfectly distinguishable states?

3. Let us assume that

Aiji = 77<5ij — Oik — Ojk ) (0.16)
for some constant 7. This is the case in quantum mechanics. In what sense

can we say that this the simplest possible choice? If we do make this

choice, we have for some arbitrary vector y,



= > (J — Auge ) (0.17)

k

— Z (52]5216 [ — i, — 0k ])yk (0.18)
k

= 0i;Y; — 0Ny + nyi + nY;, (0.19)

where § =, y;. Then

> wB[Ylyw; =Y alyi—nny [% > al - %sz Zf’ijj] - (0.20)

In particular, for a probabilities y; = P(E;|p), we have

> xiBlpliu; = ZwZPEm —nn[ Zx ——Z%Z% (Ejlp)
]

(0.21)

so that, by assumption, a valid probability vector P(F|p) must satisfy the

lower-bound on its second moment,

va € col(P) : (X*|p) = nn((X°|w) = 2(X|u}(X]p)),  (0.22)
where e.g. (X?|p) =", 27 P(E;|p) and Vi : P(E;|u) = =

For an unbiased quantum 3-design, n = 5 (£).

4. Let us now consider C[Y] = P®B[Y]P®. On the one hand,
P® = aP + (3J. Let us assume that y € col(P), so that

Zj P(Ei|oj)y; = é[yZ — ﬁg] . Then



= Z aP(E;lo;) + B [ kY — kMY + NYj +"ka:| |:O‘P(Ek|0'l) +/3}

aP(Eiloj) + 8| >

|:0‘P(Ek|°'l)‘sjkyj — aP(Ey|o1)jxny + aP(Eglo)ny; + aP(Eglo)nyr + Bdjry; — Béjrny + Bny; + Bnyk
J

J

=" |aP(Elo;) + B

J

=> [GP(EHU]‘) + B] [aP(E lo)y; — aP(Ejlo)ng + any; + MIZP Eylog)yr + By; — Bng + nhny; + Bm?]
{ ] [GP(E o)y — aP(Ejlo)ng + any; +nyy — Bng + By; — By + nBny; + /31717}

=>" |aP(Bilo;) + ,3] |:O‘P(El|‘7j>yj — anygP(Ejloy) + (an + B +npn)y; +ny; — Bn?]
J

= {a2P<Ei\aj>P<El loj)yj — a’ngP(B;|oj)P(Ejloy) + alan + B + nBn)P(E;lo;)yj + anP(Eilo;)y; — aBngP(Eilo;)
J

+ aBP(Eiloj)y; — aBnyP(Ejlo;) + B(an + B+ nBn)y; + Bny — 32@}
=a® 3" P(Ejloy) P(Bjlo)y; — a®ng > P(Eilo;)P(Ejlo)) + alan + 8+ nBn) > P(Eilo;)y; + any — aBng
J J J
+aB > P(Eloj)y; — aBng + Blan + B+ npn)g + nBny, — np’ng
J

= a® Y P(B;loi) P(E;lon)y; — ang(P(E;lor) = B) + (an + B+ nBn) (v — BY) + any, — aBng
J

+ 5(yz - 1337) — aBng + Blan + B+ nBn)g + nBny, — nBZng
=a’ > P(Ejlo)P(Ejloy)y; — angP(Eiloy) + angB + (an + B+ nBn)y; — By(an + B + nBn) + any,
J
—afng + By — 85 — aBng + Blan + B+ npn)y + nfny, — nfny
=a’ ST P(Ejlo)P(Ejloy)y; — angP(Eiloy) + (an + B+ nfn)y; + (an + B+ nBn)y; — Blan + B+ nhn)g.
J

Since 3 = (1 — ) (%), let k = an + B+ nfn = B + 1. We arrive at last
at

ClYl]; = a’ Z P(Em|0i)P(En|o;)ym — anyP(Es|o;) + ky; + ky; — BrY,

(0.23)

and in particular for a probability vector y = P(F|p), we have

lij =Y P(Ewn|0:)P(En|o;)P(En|p) — anP(E;|o;) + kP(Ei|p) + £P(

(0.24)
For an unbiased quantum 3-design, o = (d + 1), 8 = _%, n = ﬁ (%),
and x = 1 (%) (42) so that L[p];; = xC[p]; is the probabilistic

representation of taking the Jordan product with p:
Llpl, (0.25)

= 23 @1 +2) (5) 3 P(Eo) P(Eilo) P(Eilp) ~ P(Bion) — P(Elp) ~ PBlp) -

5. What further symmetries can we impose in order to fix the constants, and

on what grounds?

1. Let Q(E|o) = ®P(E|o) and Q(E|p) = ®P(FE|p) so that



[ziae], - x{a2 S P(Bnl0)@(Bnlo;) P(Eulp) — anQ(Eda) + xP(Edp)
" (0.26)

Suppose we demand commutativity: L[p|®P(E|T) = L[T|PP(E|p).
We have

L[p|®P(E|r) = { ZP En|0i) P(Ep|7)P(Ew|p) — anP(E;|7) + kP(E;|

(0.27)

Llr]®P(Elp) = { QZPE |0) P(Em|p) P(Em|T) — anP(Eilp) + £P(Ej]

(0.28)

from which we conclude that p = —-£-..

2. By Bayes’s rule, we have P(p|o) = vP(E|p). If we assume self-

duality,
P(plp) = P(plo)®P(E|p) = vP(E|p)®P(E|p) (0.29)
=7 [a > P(Eilp)*+8|. (0.30)
If we assume P(p|p) = 1, then
S PEIP =~ (7= 5). 0.31)
For an unbiased quantum 3-design, a pure-state probability-
assignment satisfies Y, P(Ej|p)? = (£) 725
3. Let us now consider P(E|p?) = L[p]®P(E|p), or
P(Ej|p) (0.32)

- X{a2 > P(En|oi)P(Enlp)* + (k — an) P(Eilp) + kv~ P(plp) — Bﬁ}-

If we demand that P(p|p) = 1 and moreover that
P(E;|p) = P(E;|p?) (in quantum theory, this is the demand that
p = p?) then

P(Eilp) = (%) [042 > P(Ep|oi)P(Enlp)* + k(v = 5)] :

X T — K+ an
(0.33)



Summing over ¢ on both sides, we have

(X;) [a2 Z P(Enlp)? +nx(y ' =B)| =1, (0.34)

1—k+an

and substituting >, P(E;|p)? = £ (v~ — j), we find that
Xt —k+an=aly™ - 8)+nk(y! - B), which fixes

X = 7(0;7;:1) (0.35)
Now
£y (0.36)
1 a—1 B o
— 57{04(04 +1)) " P(Epn|oi) P(Eplo)ym — ( ) (yP(Ei|aj) + i+ yj) _ (_/‘

4. We can go further using P(p|p) = vP(E|p)®P(E|p) = 1 by
(

substituting in P(E|p) = P(E|p?).

b= VZQ(EJP) (X—l_;,w) 0? " P(Epn|0)P(Ewlp)? + 5(y™! = B)

(0.37)

(=) [0‘2 S Pl + w2 - m] , (039

so that

S PEd = o [ —net-p)] 0

a? v
((@—1y+n)((a—1)y+2n)
ala+ 1)y2n?

m

. (0.40)

d 6

For an unbiased quantum 3-design, Y, P(E;|p)® = (;)2 EE

Can we go in reverse and show that if Y, P(E;|p)? and

> P(E;i|p)? equal the required values (and P(E|p) € col(P)),
then P(E;|p) = P(E;|p*)? Can we have an independent
characterization of the pure states of the theory and thus show that
the pure states are completely characterized by these

considerations?



5. Supposing we can pin down the state-space as an intersection of 2-
norm and 3-norm spheres and the privileged subspace col(P), we
could hope to interrogate self-duality by studying p-norm cones.
Holder’s inequality tells us that for real numbers p, ¢ > 1 such that
%—1—% = 1, we have for 7,y € R",C"

< [lzllpllyllq (0.41)

n
E TiYi
i=1

with equality when Vi : |x;|P = A|y;|? for A > 0. In the case of

p = 1,q = o0, equality holds if z, y are have only one non-zero
component in the same place. This can be used to establish the dual
of cone whose base is a p-norm sphere. Moreover, the dual of an
intersection of cones is the Minkowski sum of their duals:

(Cy N Cy)* = Cf + €3, and the same goes for an intersection with a
subspace. This would be the jumping off place for some analysis.

6. What if we demand that in fact L[] is a Jordan product matrix?
Recall that the Jordan product is completely characterized by its
commutativity and the condition that [L[p], L[p*] = 0. For us, this
means on the one hand, L[p|®P(E|r) = L[T]®P(E|p), and on the
other hand, [L[p]®, L[p*|®] = 0. We’ve already explored
commutativity. Direct calculation of [L{p], L[p?] = 0 is not
particularly illuminating. But let’s think instead about structure-
coefficients.

A Euclidean Jordan algebra is a vector space V' equipped with an
bilinear product x o y with a “compatible” inner product (x, y). The
Jordan product o satisfies

rToy=your (0.42)
ro(yox?) = (xoy)oa’ (0.43)

Let {e;} be a basis for V. We define structure-coefficients J,;; to
satisfy

€; 0 € = Z{ijei. (044)

What symmetries must J;; satisfy? Since z o y = y o x, we have in

particular

€;0er = Zﬁijkei = Zﬁikjei = €L O €j. (0-45)



We conclude J;;; = Jix;. A compatible inner product satisfies

(x oy, z) = (x,y o z). On the one hand,

(ei0ej, ex) <de€z, €k> = Z3lij<€l, er) = Jkij- (0.46)
!

On the other hand,

(e, €50 ex) <€17 Zdlgk€l> = Zﬁljk(ei, er) = Jijk- (0.47)
!

We conclude that ;% = Jxs;. Thus in fact J;;, must be totally
symmetric. Finally, on the one hand,

joe; = ZJme, (0.48)

€k O j © 6] Z\jlkl\jl]jel (049)

ejo(eyo(ejoe;)) = Zdz’jmdmkltjljjeb (0.50)
ilm

while on the other hand,

(ejoeg)o(ejoe;) = Zﬁimzﬁmjkﬁljjei- (0.51)

ilm

We conclude that

Vi, g, k Zﬁzjmﬁmklﬁl]‘j = Zﬁimlﬁm]‘kﬁl]‘j- (0.52)

lm Im

In our case, in analogy to quantum theory, since

LY]; = X{Oé2 > " P(Ewl|0i)P(Ew|o;)ym — anyP(Eiloy) + ky; + ky; — 5@},

we ought to take J,., = [L[Uk]@} , that is,

%)

Jijk = X{a2 Y P(En|0)Q(En|o)Q(Enlow) — anQ(Eilay) + rQ(E;lor) + #(aQ(E,

If ;1 satisfies the required identity, then our theory has a Jordan
algebraic structure. Writing this out in terms of P(E;|o;) is
laborious, and not obviously illuminating. I can give expressions on

request.



7. One assumption we could make is homogeneity, which is
automatically a feature of Euclidean Jordan algebras. Essentially,
any full-rank state can be mapped to any other by some invertible
mabp that preserves the structure of the “cone.” Quantum
mechanically the essential insight is that if p is full-rank, then we
can contemplate the Kraus update map 7 — p_lT\F . Clearly
if 7 = p, we end up with the identity. Then if we want to end up at

some arbitrary state o, we can apply the update map 7 — /o7+/0.

It turns out for an element of a Jordan algebra Y, the map
T — Y 7Y is represented by P[Y] = 2L[Y]? — L[Y?], where L[Y]
takes the Jordan product with Y. This is called the quadratic

representation of Y. Quantum mechanically, on the one hand,

LY]y =Y w )  ouRltr(Eiojon)], (0.53)

and on the other hand,

LYV = vath Y Pu®ra®aR[tr(Eioj00) | R[tr(Eio,0,)],  (0.54)

ab klrs

from which one can derive

Pry =Y P(Ealp) P(Ey|p)x (0.55)

3 q)jkCI)mq)sb{25)?[tr(EzJjJT)]%[tr(Ekayas)] — R[tr(Ey0,0;)R [tr(Ero,o,
Jkrs

(0.56)

The expression can be worked out in terms of probabilities, but

again without an obvious insight awaiting.

6. What is the size of a maximal simplex of perfectly distinguishable states:

in other words, how can we determine d?

Since

Llp|]®P(E|T) = x{a2 > " P(En|0))P(En|7)P(Epn|p) — anP(E;|7) + kP(E;]

(0.57)

we have



u' L[p)|®P(E|7) = a2 P(En|T)P(Enlp) — an + & + ney ' P(p|7) — ny

(0.58)

(0.59)

X{a2 > P(EnlT)P (Em|ﬂ)+5a+nm_1P(PlT)}

X aZP (Epm|7) [aP(E \p)—l—ﬁ] +nky ! (p|7-)}

(0.60)
= x{ow‘lP(Tlp) + nm‘lP(plf)} (0.61)
= X7 (a +nk)P(r]p) = P(7]p). (0.62)

Incidentally, it is worth considering in this context the symmetry
P(7|p) = P(p|r) which isn’t necessarily taken for granted. Assuming this
implies
0= 0* 3" P(En|r)P(Enlp)? = a3 P(Enlo)P(Enlr)? + kP(plp) — nP(7
(0.63)

In any case, we can then consider, for example,

L[p|®P(E|r) = 0. (0.64)

In other words, we can ask: what does the null-space of L[p] look like?
From L[p|®PP(E|r) = 0, we find that P(E|7) must statisfy

P(E;|T) = { ZPE |00) P(Epn| ) P(Emlp) + £P(Eilp) + 57~ P(plT)
(0.65)

What if we further assume p, 7 are pure? How many solutions do such

equations have?

Finally, in 3-design quantum theory, we have

tr(X2p) = (g) S wia Rl Eiojon)| P (Eilp) = (g) 2T Lo, (0.66)

which implies the existence of an orthonormal basis measurement of X .

What milage can we get out of that?



7. What can we say about “time evolution,” or more specifically, the
continuous symmetries of the pure-states? On the one hand, to the extent
that we have defining conditions on pure-states, we can derive conditions
for a quasi-stochastic matrix to preserve pure-states. On the other hand,
assuming quantum mechanics already, to represent the time derivative in
the von Neumann equation, we need a probabilistic representation of the
commutator [A, B]. This can be derived from the imaginary part of the
triple products. To what extent can these imaginary parts be nailed down?
We have

tr(Ei[A, B]) = > tr(EyA)tr(E,,B)

km

Zfbjkq)lm(%)%[tr(&ajal)} . (0.67)

Moreover,

d .
tr(Biojor) = —(ul ) (W5 i) (Vi) = \/gtr(Eiaj)tr(Ejak)tr(Ekai)ez(9i1'+9jk
(0.68)
and since |tr(E;o;04)|? = %[tr(EZ‘O-jO-k)]z + %[tr(Eiajak)]z, the real-

part determines the imaginary-part up to sign:

Sltr(EioIL)] = i\/gP(Ei|aj)P(Ej|ak)P(Ek|JZ-) — &e[tr(Eiajak)f.
(0.69)

The choice of signs is not arbitrary since I[tr(E;o0;I1;)] must be

antisymmetric. Will any appropriate choice of signs work?

Finally, supposing we can prove most of everything we want to prove on the
basis of these considerations, there remains the possibility that we end up with
perfectly good theories that act quite like quantum mechanics, but the
P(E;|0;)’s just don’t correspond to quantum 3-design probabilities. It feels like
we’re missing some simple, powerful, killer assumption. Could we assume the
existence of a SIC? (Can we glue SICs together to form 3-designs? Are there
SIC fiducials whose orbit under the Clifford group gives a 3-design?) More
generally, is there some way of characterizing 3-designs themselves in QBist
terms? In this connection, perhaps it is worth looking back at the literature on
shadow estimation, especially Huangjun Zhu’s recent papers. There incidentally,
the focus is not so much on a lower bound on the variance of an observable
(according to the reference device), but on an upper bound. David Gross has

interesting things to say about the symmetries of a 3-design set:



Theorem 1. Let {i;}%, C C? be a set of unit vectors. Let L €
End(Herm(H)) be a linear map on Hermitian operators that permutes the

progectors {|v;) (i 11y
1. If{ab;} is a complez-projective 1-design, then L is unital, i.e. L(I) = 1.

2. If {1} is a complez-projective 2-design, then L is orthogonal and trace-
preserving.

3. If {1} is a complez-projective 3-design, then L is of the form L =
U -U'. where U is either a unitaru or antiunitaru.

But what does this mean for us?
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