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Let ® = ol + 3J for f = (1 —a) (1). Let

Aijk = 77(% — i — O )
B[Y]ij = Z <5ij5z‘k — Aijk) Yk
k

C[Y] = P®B[Y|P®

L[Y] = xC[Y]
Then
5 (i -
k
= 5wyz - 5@]77.@ + Ny + nYj,
and

= x{a2 > " P(En|oi)P(Enlo;)ym — anyP(Eilo;) + ky; + ky; — @{y},

where k = an+ f+npn=LF+n.Let Q(E|oc) = PP(E|o) and
Q(FE|p) = PP(E|p). Moreover,

cle] - X{a2 S P(Enl0)Q(Enlo;) P(Enlp) — anQUEi|a) + 5P (Eilp) + sQ(Fs|p) - ma}

Suppose we demand commutativity: L[p]®P(E|T) = L[7]®P(E|p). We have
Llp|®P(E|T) = { Z P(Epn|oi)P(En|m)P(En|p) — anP(Ei|7) + kP(Eilp) + kv~ P(p|7) —

LIF®P(E|p) = { * X PEnlo) PEAl)P(Enlr) = auP(Elp) + kP (BIT) + w77 PUoI) -

from which we conclude that = _a—+1' Let us further assume self-duality for

our reference states and effects so that invoking Bayes’ rule, we have

Plsler) = P(oIE) = “L B () (1)

so that yP(F|p) = P(p|o). If we assume self-duality in general, then
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P(plp) = P(plo)®P(E|p) = vP(E|p)®P(E|p)

- ylaZP(Ei!p)Q + 8].

If P(plp) =1, then

S P(EIp? =~ [ - 4]

In 3-design quantum theory, « = d+ 1, f = —%, and v = %, which gives
> P(Ep) = () &

Let us now consider P(E|p®) = L[p]®P(E|p), or

P(Ei|p*) { ZPE |03) P(Enm, Ip)2+(ﬂ—an)P(Eilp)vLm‘lP(plp)—6&}'

If we further demand that p = p?, or P(E;|p) = P(E;|p?), then

P(Eilp) = (m> [ QZP (Ep|0s)P(En, \p)2+f€(7_1—5)],

and since ) . P(E;|p) = 1, we have

(m) loﬁ Zm: P(E,|p)* +nk(y~ — ﬁ)] =1,

or a(y ' = B)+nk(y! = B) = x' — K + an, which fixes

v(a+1)
X="5
So by assuming commutativity, that is, L[p|PP(E|7) = L|T|PP(E|p), we
can fix 7. By assuming self-duality, and for pure states that P(p|p) =1
and P(E|p) = P(E|p?), we can fix 3, P(E;|p)? and then x. (Notice we
haven’t said anything about the extremal states as defined by the variance
restriction alone.) Indeed, now

s = %7{0‘(0‘ +1) Y P(Enlo) P(Eno;)ym - (Q; 1) (9P(Biloy) +yi + ;) - (a — 1)2

n

We can go further using P(p|p) = 7P (E|p)®P(FE|p) = 1 by substituting in the



expression for P(E|p?). Thus

=0 () l S P(Bulo) P(Eulo) + 57~ 5>]
_ o ) \ .
- () [“ S P+ 7 =)

so that

Y

> " P(E,|p)* = % Kw) —r(y7 = 5)]

— v
_ (la=1)y+n)((a = 1)y +2n)
a(a + 1)y*n?

In 3-design quantum theory, « = d + 1 and v = %, and so
S P(Ei|p)? = (%)2 @@ - Can we keep going? No! For example, we also

have

P(plp) =1

- Z’Y ( — K+ om) [042 ZP(Em|0¢)P(Em|p)2 + ’f('Y_l - 6)] [aZ Z Q(Eq|0i)P(Eq|p)2 -

— ( X; ) {o/* N P(Enlp)* P(E,|p)* P(Eloy) + 20%5(y™ = 5) Y P(Ewlp)? + 1

—K+an

l—k+an

o Qf;) {a4 > P(Eulp)*P(Ey|p)*P(Enlog) + 26a(y™" = §) + (v~ — ﬁ)Q}

so that

> " P(En|p)* P(Enlog) P(E,|p)* = é{v‘l(x‘l — k4 an)® = 2ka(y = B)? —nk’(y — 5)2}

_ ((a—=1)y+n)*((a—1)(a+3)y +4n)
a?(a + 1)2v3n3

4d°(d+8)

the pure probability-assignments don’t live on (p > 3)-norm spheres. (Does the

)

which for 3-design quantum theory becomes which is true! But

2-norm and 3-norm sphere condition imply that P(E|p) = P(E|p?)?)

It would be nice to fix v in terms of «. The next thing, however, to consider is
the Jordan identity itself, £L[p]® = L[p*]®. On the one hand,

cle] = x{a2 S P(Elo)Q(Enlo) P(Enlp) — anQ(Eilo;) + 5P(Eilp) + nQ(Ej|p) ~ m}l



On the other hand,

P(Ei|p?) { ? Z P(Ep|0:)P(Enlp)® + (v — an) P(Eilp) + sy P(plp) — Bm}

and

Z P(E;|p*) = X{Oé2 Z P(E|p)* + nxy ' P(p|p) + aﬁ},

%

so that

L[p*;

= x{a4x Y P(Bulo)P(Eulo) Y P(Enloy)P(Ey|p)?

p

+ (k= an) S P(Epl0,)P(Enlo;)P(Enlp)

+a*xw ) P(Eyloi) P(Ey|p)?

p

+a’xk Y P(Ey|oj)P(E,|p)*

p

— a®xnP(Ei|0;) > P(Eulp)®
- QQXﬁ’fZP<Em‘p)2

+ axry (1 —nn) P(plp) P(E;lo;)
— axf(an + k) P(Eio;)

+ rx(k — an)P(Eip)

+ rx(k — an) P(Ej|p)

+ [xr7! (26— B — aB) P(plp) — 267 }

and then



2l

= X{a4XZ P(En|0)Q(Enl0;) Y P(Enlay,)P(Ey|p)?
+a’x (K — Zn) > P(Emlm)Q(Emej)P(Emlp)
Y PUB ) PB )

+ OéZXfii Q(Eyloj) P(Eylp)?

- @SXWQIEEJUJ) > P(Enlp)?

oty Y PEL )

+axry ™ (1 —nn) Pplp)Q(E;loy)
— axﬁ(om + R)Q(E1:|Uj)

+ kx(k — an)P(Ei|p)

+ rx(k — an)Q(Ej|p)

+ [Hm‘l(% —nfk — af) P(plp) — 25%2} }

And then it is a matter of calculation.
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