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Let ® = al + BJ for B = (1 —a)(L). Let
Aiji = 7](% — i — Ojk )
BlY]i; =) (5ij5ik - Aijk)yk
k

C[Y] = P®B[Y]P®

LIY] = xC[Y].
Then
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k
= 05Yi — 0iNY + NYi + NYj,
and

= x{a2 > P(Em|oi)P(Em|o;)ym — angP(Eilo;) + kyi + ky; — Bfﬁy},

where k = an+ +nfn = B+ 1. Let Q(Elo) = ®P(E|o) and Q(E|p) =
®P(E|p). Moreover,

{E[plfb} o x{ ? Z P(Em|0i)Q(Em|o;)P(Em|p) — anQ(Eilo;) + kP (Eilp) + £Q(Ej|p) — Bm}-
Suppose we demand commutativity: L[p]®P(E|T) = L{T]®P(E|p). We have

L[p)®P(E|7) = { QZP Ep|0:) P(Em|7)P(Eml|p) — anP(Ei|7) + kP(Eilp) + kv~ P(p|7) —

o}
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L[T|®P(E|p) = { QZP (Em|0i)P(Em|p) P(Ep|T) — anP(E;|p) + kP(E;i|r) + ky~ ' Pp|T) — Bk

from which we conclude that n = —QLH. Let us further assume self-duality for
our reference states and effects so that invoking Bayes’ rule, we have
P(Eilp)P(p) _

P(plo:) = P(pl|E;) = P(Eilp), (1)

P(E:)
so that yP(E|p) = P(p|o). If we assume self-duality in general, then

P(plp) = P(p|lo)2P(E|p) = vP(E|p)®P(E|p)



=v[aZP<Ei|p>2 +8

If P(p|p) =1, then
S PEI? =~ [ -],

In 3-design quantum theory, « = d + 1, § = —%, and v = %, which gives
5, P(Bo)? = (4) 2.
Let us now consider P(E|p?) = L[p]®P(E|p), or

P(Ei|p®) = x{a2 > P(Enloi) P(Ew|p)* + (k — an) P(Eilp) + w7~ P(plp) — ﬁﬁz}-

If we further demand that p = p2, or P(E;|p) = P(E;|p?), then

1
X' —k+an

P(Edp) = ( ) [az S P(Enlos) P(Enlo)? + 5y~ — m],

and since ), P(E;|p) = 1, we have

1 2 2 —1
(Xl_,H_M7> loz ;P(Em\p) +nk(y —ﬁ)] =1,

or a(y~ ! = B) +nk(y~! = B) = x! — Kk + an, which fixes

v(a+1)
200

So by assuming commutativity, that is, L[p|PP(E|r) = L[r]PP(E|p), we can
fix n. By assuming self-duality, and for pure states that P(p|p) = 1 and
P(E|p) = P(E|p?), we can fix 3, P(E;|p)? and then x. (Notice we haven’t said
anything about the extremal states as defined by the variance restriction alone.)
Indeed, now

a—1

£l = gv{am e e [T B 1)y}

n

We can go further using P(p|p) = vP(E|p)®P(E|p) = 1 by substituting in the
expression for P(E|p?). Thus

1= ’YZQ(Ez‘P) (x_l—lli—Fan) la2ZP(Em|Ui)P(Em|P)2 Fr(yt - 5)1

m

)

= (M) loﬁ ;P(J’%Ip)3 +r(y = B)



so that

N P(Enlp)® = % KW> —r(y - B)}

o Y
_ (a=1py+n)((a—1)y+2n)
ala+ 1)y2n?

In 3-design quantum theory, « = d + 1 and v = %, and so > P(Eip)? =

(%)2 m. Can we keep going? No! For example, we also have

P(plp) =1

= ZV ( et m,) [aQ Y P(Enloi) P(Enlp)* + k(77" = ﬂ)] [oﬂ > Q(Ey|o:)P(Eqlp)® + k(™" = B)

“l—k+an
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— K+ an
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mq
so that

> P(Enl|p)*P(Eplog)P(Eqlp)* = ;{vl(xl —r+an)? =2ka(y = B) —nr?(y! - /J’)z}

_ ((a=1)y+n)*((a —1)(a+3)y+4n)
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which for 3-design quantum theory becomes %, which is true! But

the pure probability-assignments don’t live on (p > 3)-norm spheres. (Does the
2-norm and 3-norm sphere condition imply that P(E|p) = P(E|p®)?)

It would be nice to fix v in terms of a. The next thing, however, to consider
is the Jordan identity itself, £[p]® = L[p?]®. On the one hand,

{»’3[0]‘1’} G X{sz > P(En|o)Q(Em|o;)P(Em|p) — anQ(E;|o;) + kP (E;|p) + kQ(E;|p) — ﬂn}.
On the other hand,
P(E;|p*) = x{a2 > P(Em|oi)P(Enlp)® + (k — an)P(E;|p) + sy~ P(plp) — ﬁ%z}

and

> P(Ei|p*) = x{a2 > " P(Enlp)® + ney ' Plplp) + a5}7

%



so that
L[p*)i;
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and then

cl1e]
= x{a4x ; P(En|00)Q(Eml|oj) Y P(Em|oy)P(Ey|p)?
+a?x(k—an) Y P(Emlai)Q(Emll;j)P(Emlp)
+atr Y PEy 0 P(Ey
+ oﬂxmipj Q(Ey|o;) P(Ep|p)*
- asan?EAoj) > P(Ewlp)?
—a®xBr Y P(E: 1p)?

+axry ™ (1= nn) P(plp)Q(Eilo;)
— axB(an + k) Q(Es|o;)



+ kx(k — an)P(E;|p)
+ rx(k — an)Q(Ej|p)
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And then it is a matter of calculation.



