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We suppose self-duality and invoke Bayes’ rule,

P (ρ|σi) = P (ρ|Ei) =
P (Ei|ρ)P (ρ)

P (Ei)
= γP (Ei|ρ), (1)

so that γP (E|ρ) = P (ρ|σ). We supposed that Φ = αI + βJ is a 1-inverse of P .
Then

P (η|ρ) = P (η|σ)ΦP (E|ρ) = αP (η|σ)P (E|ρ) + βP (η|σ)u (2)

= α
∑
i

P (η|σi)P (Ei|ρ) + β
∑
i

P (η|σi). (3)

Suppose we consider in particular

P (ρ|ρ) = P (ρ|σ)ΦP (E|ρ) = γP (E|ρ)ΦP (E|ρ) (4)

= γ

[
α
∑
i

P (Ei|ρ)2 + β

]
, (5)

and then demand P (ρ|ρ) = 1. Thus∑
i

P (Ei|ρ)2 =
1

α

[
1

γ
− β

]
. (6)

In 3-design quantum theory, α = d+ 1, β = − d
n , and γ = n

d , which gives

∑
i

P (Ei|ρ)2 =

(
d

n

)
2

d+ 1
, (7)

which we’ve derived elsewhere.
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