Solutions to some exercises in Murphy’s C*-algebra and
Operator Theory

Chun Ding - 22 Aug 2024

3.2. Let 7 be a positive linear function on A.

(a)If I is a closed ideal in A, show that I C ker7 iff I C ker ¢, .

(b)We say 7 is faithful if 7(a) = 0 = a = 0 Va € A'. Show that if 7 is
faithful, then the GNS representation (H, ¢,) is faithful.

(c)Suppose that « is an automorphism of A such that 7(«(a)) = 7(a) for all
a € A. Define a unitary on H, by setting u(a + N;) = a(a) + N,(a € A).
Show that ¢, (a(a)) = up,(a)u*(a € A).

Proof. (a)

I Ckerp, & ¢.(a) =0Va el < pla)=0ael <forall aelandbe
Ap(a)b+ N,)=0<Vaecland be Ajabe N, & Vaec I, be Aand ce

A, 7(cab) =0 =4 T(a) =0a €I < I C kerr.

(b)Let I = ker ., then I is a closed ideal in A. By A, I C ker7. Foralla € I,

a*a € I,s0 7(a*a) = 0, hence a*a = 0 and thus a = 0. Therefore, ker ¢, = 0.

(c)u is a unitary is equal to u is a isomorphism in the sense w is a surjection

which preserves inner product. Denote a + N, by [a], then
(ula], ulb]) = ([a(a)], [a(D)]) = T(a(b)*a(a)) = T(a(b®a)) = 7(b"a) = {[a], [b]);

a(a) —a € N;,Va € A thus u is a unitary.

ur(a)u*([b]) = uer(a)u=([b]) = up(a) O

3.3. If p: A — B is a positive linear map between C* algebras, show that
© is bounded.

Proof. For all positive linear functional 7 on B, 7 o ¢ is a positive linear

functional on A and thus bounded, i.e.
|70 p(x)] < M, (Vx € A satisfying lz < 1)

for some positive constant M.

Every bounded linear functional on B is sum of 4 positive linear functionals on
B by Jordan Decomposition, thus for all b* € B*,
Ib*(p(z)) < My (Vo € A satistying lz < 1)

for some positive constant M,-. Hence lp(z) < M for some positive constant

M by the Principle of Uniform Boundedness, i.e. ¢ is bounded. O
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3.5. An element a of A, is strictly positive if the hereditary C*-subalgebra
of A generated by a is A itself, that is, if (ada)” = A.

(a) Show that if A is unital, then a € A, is strictly positive if and only if a
is invertible.

(b) If H is a Hilbert space, show that a positive compac operator on H is
strictly positive in K (H) if and only if it has dense range.

(c) Show that if a is strictly positive in A, then 7(a) > 0 for all non-zero
positive linear functionals 7 on A.

Proof. (a) If a is invertible, then a Aa = A, thus « is strictly positive.
Conversely, if a is strictly positive, then (aAa)~ = A. Since the set G of all

invertible elements is open, aAa N G # (). Hence there exists some b € A such

that aba is invertible, thus a is invertible.
(b)If w is strictly positive in K (H), thatis (uK (H)u)” = K(H), then Vo € H,
there exists a sequence {v,} in B(H) such that

Tz ®x = lim uv,u.
n—oo

Hence

2%z = 2 @ 2(x) = lim u(v,u(z)) € (uH)".

n—oo

Therefore, x € (uH)™ and H = (uH)~.

Conversely, if (uH)~ H, then for all x € H, then there exists a sequence {A,} in
H such that uh,, — x, hence

u(hp @ hyp)u = (uhy,) @ (uhy,) = ¢ ® x.
Therefore, every rank-one projection belongs to (u/(H)u)~. Since all the rank-
one projections is the total subset of K(H), K(H) = (uK(H)u)~.
(c)Suppose T is a positive functional such that 7(a) = 0, then

r((a2)"a?) =0,
SO
T(a%a) = T((a%)%%) = 0.
Hence forall b € A,
T(aba) = 0.

Therefore, 7 = 0 for A = (ada)~. O

4.4. Let A be a von Neumann algebra on a Hilbert space H, and suppose
that 7 is a bounded linear functional on A. We say that 7 is normal if,
whenever an increasing net (uy)xea in Ag, converges strongly to an operator
u € Agq, we have limy 7(uy) = 7(u). Show that every o-weakly continuous
functional 7 € A* is normal.



Preliminaries 0.1. Suppose u,v are two bounded linear operators on some
Hilbert space, then

uv] < lullv].

Indded,Let v = w|u| and uv = w'|uv| be the Polar Decomposition, then
luv|* = w*uw|v|, thus

luv|? = |v|w*u*w'w uw|v|
< Jlw™ww|*lv]* < o,

Hence |uv| < ||ul||v].

Theorem 0.2. Let A be a von Neumann algebraon Hilbert space

containing idy, then for any o-continuous linear T on A, there
exists u € L'(H) such that

T(v) = tr(uwv)
for all v € A.

Proof. Suppose {eg }acr is a basis for H, u € L'(H) such taht 7(v) = tr(uv)
for all v € A. and a bounded net (v))xea in Ay, converges strongly to an

operator v € A,,. For every € > 0, there exists a finite subset I'y of I" such that

S ([ufeas ea) < e

aglo
and there exists A\g € A such that VA > )\
l(vy —v)ue, < e,a € Iy,

Therefore,

l(ox = v)u; = Y (|(ox — v)ulea, ea)

acl’

< Z (|uleq, ea)lvy — v + Z l(vy — v)ue,
aé¢lo a€l’y

< Me

for some constant M. Hence |7(vy) — 7(v)| < I(vy —v)u; — 0. O

4.6. Let A be a C*-algebra.

(a) Show that if A is unital, then its unit is an extreme point of its closed
unit ball.

(b) If p is a projection of A, show that it is an extreme point of the closed
unit ball of A™.



4.7. Let A be a C*-algebra.

(1)Show that if p,q are equivalent projections in A, and r is a projection
orthogonal to both (that is, rp = rq = 0), then the projections r + p and
r 4+ q are equivalent.

(2)If H is a separable Hilbert space and p is a projection not of finite rank,
set rank(p) = oo. If p has finite rank, set rank(p) = dimp(H). Show that
r ~ ¢ in B(H) if and only if rank(p) = rank(g). Thus, the equivalence class
of a projection in a C*-algebra can be thought of as its ”generalised rank.”
(3)We say a projection p in a C*-algebra A is finite if for any projection
q such that ¢ ~ p and ¢ < p we necessarily have ¢ = p. Otherwise, the
projection is said to be infinite. Show that if p, ¢ are projections such that
q < p and p is finite, then ¢ is finite.

(4)A projection p in a von Neumann algebra A is abelian if the algebra pAp
is abelian. Show that abelian projections are finite.

(5)A von Neumann algebra is said to be finite or infinite according as its
unit is a finite or infinite projection. If H is a Hilbert space, show that the
von Neumann algebra B(H) is finite or infinite according as H is finite- or
infinite- dimensional.

Proof. (1) Suppose p = u*u and ¢ = wu*, then ru*ur = rpr = 0 and

ruuwr = rqr =0, so ur = ru* = ru = u*r = 0.Hence
r4+p=1r+utu+ur+ru=(r+u)(r+u);
r4q=r*+uut +ur+orut = (r+u)(r+u),
thatis, r +p~1+gq.

(2)If ran(p) and ran(q) have a same dimension less than ¥, choose

orthonormal bases {e, })_, and
{fn}22, for p(H) and q(H), respectively(/N may be infty). Let
w: ran(p) — ran(q),u(e,) = fu,m =1,2,--- , N.

and let

(o) = {u(xm € ran(p) = (ker(p))
0,z € ker(p),

then v*v = p(because they coincide on ker(p) and (ker(p))*) and vv* = q.

Conversely, if p ~ ¢, then p = u*u and ¢ = uu* for some u € B(H), so

*

rank(p) = rank(u*qu) < rank(q);
<

rank(q) = rank(upu”)

(3)Since (p—q)r =0,(p—q)g=0,7+(p—q) ~ g+ (p—q) =pby (1).
Because r + (p—q) <p,r+(p—¢q) =p,i.e.r=gq.



(4)Since pAp is an abelian C*-algebra with the identity p, there is a
x-isomorphism ¢ : pAp — C(£2), where €2 is the compact set of all non-zero
algebra homomorphism from pAp to C.

Suppose ¢ < p, p = u*u and ¢ = uu*, then
q9=r9q
== pqup € pAp,

thus

~—

p=03(pp) =93 (pu)e)=y¢> (pu
=93 (p(q) = ¢ 3 (p(u)pu)) =¢ >

sop = q.
(5)If H is finite-demensional, then rank(1) < oo, so 1 is finite, i.e., B(H) is
finite.
If H is infinite-demensional, suppose {e,, }> ;LI {ex}ea is an orthonormal
basis for H, and set
u(en) = epp1(n=0,1,---),u(ey) = ex(A € A).

Then

u*(en) = ep1(n=1,2,--),

u*(eg) = 0,u"(ey) = ey.

Thus

uu(e,) = e,(n=0,1,---),

wu*(e,) =e,(n=1,2,---),uu*(ep) = 0.

Let p = uu*, then p ~ uw*u =1, and p < 1, but p # 1, that is 1 is infinite, so is
the Hilbert space. O

5.1. Let 7 be a pure state on a C*-algebra A, and y a unit vector in H,
such that 7(a) = (p,(a)y,y) for all a € A. Show that there is a scalar A of

modulus one such that y = A\x.

5.2. Let H be a Hilbert space and x a unit vector of H. Show that the

functional w, : B(H) — C,u +— (u(z),z) is a pure state of B(H).

5.3. Give an example to show that a quotient C*-algebra of a primitive

C*-algebra need not be primitive.

5.4. If I is a primitive ideal of a C*-algebra A, show that M, (1) is a primitive

ideal of M,,(A). (Thus, if A is primitive, so is M, (A).)



5.5. Let A be a C*-algebra. Show the following conditions are equivalent:
(a) A is prime.

(b) If aAb =0, then a or b =0 (a,b € A).

5.6. Let S be a set of C*-subalgebras of a C*-algebra A that is upwardsdi-
rected, that is, if B,C' € S, then there exists D € S such that B,C C D.
Show that (US)~ is a C*-subalgebra of A.

Suppose that all the algebras in S are prime and that A = (US)~. Show
that A is prime.

5.7. If A is a C*-algebra, its centre C' is the set of elements of A commuting
with every element of A. Show that C'is a C*-subalgebra of A. Show that if
Ais simple, then C' = 0 if A is non-unital and C' = C1 if A is unital.

5.8. Let S be an upwards-directed set of closed ideals in a C*-algebra A (cf.
Exercise 5.6 for the term upwards-directed). Suppose that A = (US)~, and
that all of the algebras in S are postliminal. Show that A is postliminal.

5.9. Let A be a C*-algebra. If I, J are postliminal ideals in A (that is, closed
ideals that are postliminal C*-algebras), show that I + J is postliminal also.
Deduce from this and Exercise 5.8 that there is a largest postliminal ideal
I in A (which may, of course, be the zero ideal). Show that A/I has no
non-zero postliminal ideals.

6.1. Let (A, pn)52 and (B, ¥,)52 , be direct sequences of C*-algebras with
direct limits A and B, respectively. Let ¢" : A - A and ¢¥" : B,, — B be
the natural maps. Suppose there are *-homomorphisms 7 : A, — B, such
that for each n the following diagram commutes:

Pn
An > An+1

Wnt tﬂ'n—kl
Pn

Bn — Bn+1

Show that there exists a unique *-homomorphism 7 : A — B such that for
each n the following diagram commutes:

n
A, 2~

oy

an—>

Show that if all the ,, are *-isomorphisms, then 7 is a *-isomorphism.

6.2. Show that every non-zero finite-dimensional C*-algebra admits a faith-
ful tracial state. Give an example of a unital simple C*-algebra not having
a tracial state.



6.3. Let A be a C*-algebra. A trace on A is a function 7 : AT — [0, 0o] such
that

7(a+b) = 7(a) + tau(b)

(
7(ta) = tr(a)
7(C*c) = 7(cc”)

foralla,b € At,c€ A, and allt € R. We use the convention that 0-oco = 0.
The motivating example is the usual trace function on B(H). Another ex-
ample is got on Cy(R) by setting 7(f) = [ fdm where f € Co(R™) and m is
ordinary Lebesgue measure on R.

Traces (and their generalisation, weights) play a fundamental role, especially
in von Neumann algebra theory ([Ped], [Tak]).

Let
A={a€ Alr(a*a) < co}.
Show that
(a+b)*(a+b) < 2a*a+ 20"D
and

(ab)*ab < ||a|*b*D,
and deduce that A2 is a self-adjoint ideal of A.
Show that for arbitrary a,b € A,

lz (b+i*a)* (b +i*a),

W
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