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variable (p q r : Prop)

-- commutativity of A and Vv
example : p A q - q A p :=
Iff.intro
(fun (hp, hqg) => (hq, hp))
(fun (hqg, hp) => (hp, hq))

example : pvgeqVp :=

Iff.intro
(fun | Or.inl hp => Or.inr hp | Or.inr hq => Or.inl
hq)
(fun | Or.inl hq => Or.inr hq | Or.inr hp => Or.inl
hp)

-- associativity of A and Vv
example : (p Ag) Ar o p A (qAT)
Iff.intro
(fun ({(hp, hqg), hr) => (hp, (hg, hr)))
(fun (hp, (hqg, hr)) => ((hp, hq), hr))
example : (pvq)VrepvVv(qVr):=
Iff.intro
(fun | Or.inl (Or.inl hp) => Or.inl hp | Or.inl

(Or.inr hqgq) => Or.inr (Or.inl hqg) | Or.inr hr
=> Or.inr (Or.inr hr))

(fun | Or.inl hp => Or.inl (Or.inl hp) | Or.inr
(Or.inl hq) => Or.inl (Or.inr hqg) | Or.inr
(Or.inr hr) => Or.inr hr)

-- distributivity
example : p A (QVFIr) e~ (pAQg)V(pAT):=
Iff.intro
(fun | (hp, Or.inl hq) => Or.inl (hp, hqg) | (hp,
Or.inr hr) => Or.inr (hp, hr))
(fun | Or.inl (hp, hq) => (hp, Or.inl hq) | Or.inr
(hp, hr) => (hp, Or.inr hr))
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example : pVv (QATr) «(pVvVQg)A(pVvr):=
Iff.intro
(fun | Or.inl hp => (Or.inl hp, Or.inl hp) | Or.inr
(hg, hr) => (Or.inr hg, Or.inr hr))
(fun | (Or.inl hp, _ ) => Or.inl hp | (Or.inr hq,
Or.inr hr) => Or.inr (hg, hr) | (_, Or.inl hp)
=> 0r.inl hp)

-- other properties
example : (p- (g~-r)) e (pAq->r1) := Iff.intro
(fun h (hp, hq) => h hp hgq) -- h : p - (q - r),
hp : p, hg : q
(fun h hp hg => h (hp, hq))

b

example : ((pvqg)-r)e(p-r1r)AI(q r) :=
Iff.intro
(fun h => (fun hp => h (Or.inl hp), fun hg => h
(Or.inr hq)))

(fun (hp, hqg) hr => 0Or.elim hr hp hq)

example : =(p VvV q) <« =p A =g := Iff.intro
(fun h => (fun hp => h (Or.inl hp), fun hg => h
(Or.inr hq)))
(fun (hp, hg) hr => Or.elim hr hp hq)

example : -p v =g - =(p A Q) :=
fun h (hp, hq) => Or.elim h (fun hnp => hnp hp) (fun
hng => hng hq)

example : =(p A —-p) :=
fun (hp, hnp) => hnp hp

example : p A -q - -(p - Qq) :=
fun (hp, hqg) h => hg (h hp)

example : -p - (p - Qq) :=
fun hnp hp => False.elim (hnp hp)

example : (-p vV q) - (p - q) :=
fun h => Or.elim h (fun hnp hp => False.elim (hnp
hp)) (fun hg _ => hq)

example : p v False - p := Iff.intro
(fun | Or.inl hp => hp | Or.inr h => False.elim h)
(fun hp => Or.inl hp)



example : p A False - False := Iff.intro
(fun | (_, h) => False.elim h)
(fun h => (False.elim h, h))

example : (p - q) - (=q - -p) :=
fun hpq hng hp => hng (hpg hp)

open Classical

variable (p q r : Prop)

example : (p-qVvr) - ((p-q)Vv (p~-r)) :=
A h => Or.elim (Classical.em q)
(A hg => Or.inl (A _ => hq))
(A hng => Or.inr (A hp => Or.resolve_left (h hp)
hng))

example : -(p A Q) - ~p V ~q :=
fun h => Or.elim (Classical.em p)
(A hp => Or.inr (A hg => h (hp, hq)))
(A hnp => Or.inl hnp)

example : -(p - Qq) - p A 0Q :=
fun h => Or.elim (Classical.em p)
(A hp => Or.elim (Classical.em q)
(A hg => False.elim (h (A _ => hq)))
(A hng => (hp, hnq)))
(A hnp => False.elim (h (A hp => absurd hp hnp)))

example : (p - q) - (-p Vv q) :=
fun h => Or.elim (Classical.em p)
(A hp => Or.inr (h hp))
(A hnp => 0Or.inl hnp)

example : (-q - -p) - (p —» q) :=
fun h => Or.elim (Classical.em p)
(A hp => Or.elim (Classical.em q)
(A hg => A _ => hq)
(A hng => False.elim (h hnqg hp)))
(A hnp => A hp => False.elim (hnp hp))

example : p v -p :=emp



example : (((p - q) - p) » p) :=
fun h => Or.elim (Classical.em p)
(A hp => hp)
(A hnp => absurd (h (A hp => absurd hp hnp)) hnp)
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